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Abstract

We are given a set of elements in a metric space.
The distribution of the elements is arbitrary, pos-
sibly adversarial. Can we weigh the elements in a
way that is resistant to such (adversarial) manipula-
tions? This problem arises in various contexts. For
instance, the elements could represent data points,
requiring robust domain adaptation. Alternatively,
they might represent tasks to be aggregated into a
benchmark; or questions about personal political
opinions in voting advice applications. This article
introduces a theoretical framework for dealing with
such problems. We propose clone-proof represen-
tation functions as a solution concept. These func-
tions distribute importance across elements of a set
such that similar objects (“clones”) share (some
of) their weights, thus avoiding a potential bias
introduced by their multiplicity. Our framework
extends the maximum uncertainty principle to ac-
commodate general metric spaces and includes a
set of axioms — symmetry, continuity, and clone-
proofness — that guide the construction of repre-
sentation functions. Finally, we address the exis-
tence of representation functions satisfying our ax-
ioms in the significant case of Euclidean spaces and
propose a general method for their construction.

1 Introduction

Morpheus: “You take the blue pill and the story ends. You
wake up in your bed and believe whatever you want to be-
lieve. You take the red pill, you stay in Wonderland and I
show you how deep the rabbit hole goes.” Before Neo can
make his choice, Morpheus continues: “Or you can take this
indigo pill, and wake up with $100 in your pocket. Or this
navy pill — with a different hair color.” Why would Mor-
pheus present these insignificant shades of blue? Neo al-
ready feels manipulated, but Morpheus continues excitedly
and adds more pills colored in bordeaux, cyan, and green?!

Is there an objective way to make a choice without being
bamboozled (see Figure 1)? This problem is at the heart of
machine learning as well as various other areas, e.g., dis-
tributed systems or social choice. Let us first discuss some
application examples:
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Figure 1: Which weight should we give to each individual point? By
symmetry, one would expect the areas in blue, red and green to sum
up to the same value, even though they contain different numbers of
points. How to deal with the addition of cyan though?

(1) In machine learning, one may want to tackle class im-
balance in multi-label classification problems, e.g., by giv-
ing weights to the individual contribution of each sample
to the loss. More generally, reweighing a loss function ac-
cording to a clone-proof representation can be thought of as
a distribution-agnostic importance sampling technique. As
such, it could be beneficial whenever the most informative
samples become increasingly difficult to obtain, either be-
cause of the computational cost associated with computing
the associated true label, e.g., for protein folding [Jumper et
al., 20211, Graph Neural Networks-based SAT solvers [Wang
et al., 2024], climate modeling [Eyring et al., 2024]; or sim-
ply because of their relative rarity, e.g., for rare disease di-
agnosis in medical image analysis [Banerjee et al., 20231,
fraud detection in financial systems [Motie and Raahemi,
2024], low-resources languages in Natural Language Pro-
cessing [Hedderich et al., 2021].

(i) Benchmarking theory presents another natural con-
text. Consider a composite benchmark consisting of differ-
ent tasks; however, it quickly becomes apparent that many
tasks are quite similar. Perhaps they should share some of
their weight? Recent research has proposed to revisit bench-
marking practices through the lens of social choice theory
[Colombo et al., 2022; Rofin et al., 2023; Zhang and Hardt,
2024]. While this approach enables a more accurate aggre-
gation of individual tasks’ performance into a final score, we



argue that benchmarking diverges from traditional voting sce-
narios in a key way: anonymity, or the equal treatment of
votes, is not inherently required. Instead, the benchmark’s
outcome should remain unaffected by the inclusion of numer-
ous highly similar tasks, as this could unfairly favor models
that perform well on the original task over those excelling in
other areas. Weighing tasks with a clone-proof representation
offers a solution to this problem.

(iii) Finally, clone-proof representations offer a novel set of
tools to mitigate Sybil attacks in distributed systems. While
reputation mechanisms are designed to promote cooperation,
significant research has focused on preventing adversaries
from exploiting these systems by creating fake identities that
mutually reinforce one another [Resnick and Sami, 2009;
Seuken and Parkes, 2014; Stannat et al., 2021]. Similarly,
researchers have sought to design mechanisms that incen-
tivize information diffusion within social networks without
encouraging the creation of fraudulent identities [Babaioff et
al., 2016; Chen et al., 2022; Zhang er al., 2020]. In both sce-
narios, clone-proof representations could help regulate the in-
fluence of Sybils once detected, effectively shifting the chal-
lenge to identifying these artificially generated identities.

Contribution & Outline This work proposes a mathemat-
ical framework for handling redundancy in a metric space.
Specifically, we tackle the problem of determining the rela-
tive importance of elements in a finite set such that close-by
elements, or “clones,” share some of their weight. To extend
the well-understood case of discrete metrics, where elements
are either similar or equally dissimilar, we introduce in Sec-
tion 3 the concept of representation function and propose a
set of axioms that such functions should satisfy in general
metric spaces. These properties can be broadly categorized
into three key principles: symmetry, continuity, and clone-
proofness. Building on these foundations, we address in Sec-
tion 4 the challenges of constructing functions that adhere to
these axioms. For the specific case of Euclidean spaces, we
resolve the question of existence and construct, in Theorems 1
and 2, a family of desirable representation functions. We fi-
nally explore in Section 5 possible extensions of our construc-
tion to more general spaces and discuss the computational
hurdles associated with its evaluation.

2 Related Work

Our work intersects with several bodies of literature; we focus
hereafter on three of the most relevant topics.

Benchmark Aggregation and Measuring Task Similarity.
In a recent line of work [Colombo et al., 2022; Himmi et al.,
2023; Rofin et al., 2023; Tatiana and Valentin, 2021; Zhang
and Hardt, 2024], multi-tasks benchmarking practices have
been scrutinized through the lenses of social choice theory. In
particular, these works question the usage of the arithmetical
mean to aggregate scores of different tasks in popular bench-
marks [Koh er al., 2021, Wang et al., 2020] and investigate
different aggregates such as the Pythagorean means [Tatiana
and Valentin, 2021], the Bradley-Terry model [Peyrard et al.,
20211, or other classical voting rules [Colombo et al., 2022;
Himmi et al., 2023; Rofin et al., 2023].

Contrary to usual voting scenarios where the equal treat-
ment of voters is of utmost importance, there is apriori no
requirement to treat each task equally in benchmark aggrega-
tion scenarios, and we may want to consider voting schemes
with different weights, e.g., chosen arbitrarily by the bench-
mark creator. These weights may however carry more infor-
mation than arbitrary preference. In [Balduzzi er al., 2018],
researchers proposed to model the evaluation of agents on dif-
ferent tasks through a zero-sum meta-game played between
an “agent” and a “task” player, each choosing a probabil-
ity distribution over the corresponding set. Scores on dif-
ferent tasks are then aggregated with a weighted average,
where the weights correspond to the probability of playing
each task in the entropy-maximizing Nash Equilibrium. One
of the desirable properties of this technique is that it is in-
variant under the addition of exact copies of agents, a prop-
erty which has been studied under the appellation false-name-
proofness in social choice theory [Conitzer and Yokoo, 2010;
Nehama et al., 2022; Todo et al., 2009]. Note however that
this property is very brittle and only applies to purely adver-
sarial scenarios, as we lose all guarantees whenever a vanish-
ingly small amount of noise is added to one of the copies. Our
work aims exactly at extending this property to near-copies,
thus ensuring it remains usable in real-world scenarios. Cal-
culating the weights for different tasks using the representa-
tion function introduced in this work ensures an automatic
scaling of the benchmark, i.e., the evaluation always benefits
from adding new although slightly redundant tasks.

Importantly, our framework assumes that practitioners pro-
vide a suitable distance metric, as its selection lies beyond
the scope of this work. Identifying an appropriate distance
metric between tasks or datasets is a critical prerequisite for
applying our approach effectively. Fortunately, this challenge
has been extensively explored [Alvarez-Melis and Fusi, 2020;
Gretton et al., 2012; Liu er al., 2022], particularly within the
transfer learning literature [Achille ef al., 2019; Peng et al.,
2020]. This existing body of research complements our work
and provides valuable guidance for practitioners seeking to
use our framework for benchmark aggregation.

Domain Adaptation and Samples Reweighting. In tradi-
tional learning setups, training and testing data are assumed
to follow the same distribution. Domain adaptation [Wang
and Deng, 2018], however, addresses scenarios where this
assumption is violated, such as in the presence of class im-
balance or label noise [Torralba and Efros, 2011].

One approach to handle biases in training datasets involves
assigning weights to individual samples and minimizing a
weighted loss. Classical algorithms, such as AdaBoost [Fre-
und and Schapire, 19971, hard-negative mining [Chang et al.,
2018], self-paced learning [Jiang ef al., 2015], adapt these
weights dynamically during training based on the observed
training loss. In contrast, the meta-learning framework [Ja-
mal et al., 2020; Ren et al., 2019; Shu et al., 2019] iteratively
optimizes the weighting to minimize loss on a small, unbi-
ased validation dataset. Diverging from these methods, we
consider a one-shot scenario, where the sample weighting is
determined a priori and remains fixed.

In the context of imbalanced classification and long-tailed



datasets, reweighting techniques have been explored exten-
sively [Cao et al., 2019; Dong et al., 2017; Gebru et al.,
2017]. These methods typically assign weights inversely pro-
portional to the number of instances in each class. Recent
approaches, such as those proposed in [Cui et al., 2019], go
further by accounting for data overlap. They suggest weight-
ing samples based on the effective number of samples, under
the intuition that the marginal benefit of adding a new sample
diminishes as the sample count grows. Specifically, they ex-
pand each data point to include its surrounding neighborhood
and define the informativeness of a sample as the additional
coverage it contributes compared to the scenario where the
sample is excluded. Our theoretical framework, in particu-
lar the locality axiom (see Axiom 6) and the volume-based
construction (see Section 4), draws a close parallel to their
total volume of sampled data, but extends this intuition be-
yond simple classification problems.

More generally, reweighting is a key technique in address-
ing covariate shift within domain adaptation. Covariate shift
occurs when the input distribution differs between training
and evaluation datasets, i.e., Prqin(2) 7# Piest(x), but the
conditional distribution Piyqin(y|z) = Prest(y|x) remains
consistent. Originating in importance sampling — a technique
commonly used to reduce variance in Monte Carlo estimation
— different methods [Y er al., 2019] tackle covariate shift by
reweighting samples with the ratio Piest(2)/Pirain (). Ap-
proaches such as Kernel Density Estimation [Hirdle et al.,
2004] approximate these distributions using Gaussian kernels
but suffer from the curse of dimensionality. Alternatively,
Kernel Mean Matching [Gretton et al., 2009] minimizes the
discrepancy between training and test distributions by align-
ing their means in a reproducing kernel Hilbert space, effec-
tively estimating Piest()/ Pirain () directly. In contrast to
these statistical methods, our approach does not rely on as-
sumptions about the stochasticity of the sampling process.
Instead, we adopt an axiomatic framework that provides ro-
bustness guarantees even when samples are adversarially se-
lected. This makes our method more resilient to challenges
like dataset poisoning [Carlini et al., 2024].

Metric Learning and Hierarchical clustering. Metric
learning and clustering techniques adopt fundamentally op-
posing philosophies. On the one hand, metric learning gener-
ally assumes access to ground-truth labels of similarity, e.g.,
whether points belong to the same class, and seeks to derive
a distance metric, often within the class of generalized Ma-
halanobis metrics, that best separates dissimilar points while
bringing similar ones closer [Ghojogh et al., 2022]. On the
other hand, clustering assumes some ground truth distance
metric and aims to recover a notion of class by grouping sim-
ilar points into clusters. Our framework aligns more closely
with clustering techniques through its shared starting assump-
tion — the availability of an informative distance metric. How-
ever, it diverges in its objective, focusing instead on the im-
plications of similarity for unbiased weighting of data points.

Still, clustering techniques may represent a useful step to-
ward this goal: one could first group points into clusters, as-
sign clusters equal weights, and then share these weights uni-
formly within each cluster. Such “hard” clusters may how-

ever lack the smooth properties we aim for. These limi-
tations can be mitigated by adopting hierarchical clustering
techniques, where points can belong to multiple clusters ar-
ranged in a tree structure (dendrogram) [Murtagh and Contr-
eras, 2017; Ran et al., 2023]. This approach enables contribu-
tions across different scales, akin to the role of the probability
distribution v in Theorem 2.

One may even consider more flexible structures, such as
Fuzzy Hierarchical Clustering (FHC) or Overlapping Hier-
archical Clustering (OHC). FHC [Varshney et al., 2022] al-
lows points to have partial membership in several clusters at
once, with the sum of memberships normalized across clus-
ters. OHC [Jeantet et al., 20201, on the other hand, constructs
directed acyclic graphs of clusters (quasi-dendrograms) in-
stead of traditional trees, enabling a soft merging process.
This approach allows points to have full membership in mul-
tiple clusters simultaneously, letting clusters overlap without
the need for fuzzy memberships.

In any case, transitioning from clusters of points to indi-
vidual weights becomes a non-trivial task for “soft” clusters.
In this work, we move away from the concept of clusters and
allow for non-transitive similarity relations.

3 Representation Functions and Desirable
Axioms

In this section, we formally introduce representation func-
tions and propose a set of axioms that we consider essential
for generalizing the well-understood case of discrete metrics.
Notations are introduced as they appear, a summary is how-
ever provided in Appendix A.

Consider a metric space (E,d), that is a set E equipped
with a notion of distance in the form of an operator d : F X
E — Ry satisfying separability, symmetry and triangular
inequality. We now formally define the object of interest of
this work, called representation functions of (E,d).

Definition 1 (Representation functions of (E,d)). A repre-
sentation function of (E,d) is a function f that maps finite
sets of E to probability distributions over their elements, i.e.,

f:SeP(E)—ps e A(Y),

where P(E) denotes the set containing all finite subsets of E
(outside the empty set), and A(S) = { ps : S — [0,1] |
> .csPs(x) = 1} denotes the simplex over the elements of
S. We moreover refer to the probability distribution f(S) :
S +— [0,1] as the representation of S.

Note that this definition encompasses the uniform distribu-
tion as a particular case of representation function. Indeed,
consider the discrete metric space (E,p), where p(z,y) is
equal to one if = # y and zero otherwise. Then the maximum
entropy principle compels us to use the uniform representa-
tion functionU : S € P(E) — 1g5(-)/|S| € A(S).

Drawing inspiration from the properties of this particular
representation function, we next introduce a few axioms that
we argue are desirable for a general metric space (F,d) and
representation function f thereof. The first desirable property
that the uniform representation U/ verifies is rather simple: it
ensures that all elements of a finite set are represented with



positive probability. This means that it never hurts to add new
elements to a set as the support of the probability distribution
given by the representation function only increases.

Axiom 1 (Positivity). Every element of a finite set is rep-
resented with positive probability, i.e., for all finite subset
S € P(E) and element x in S, we have f(S)(z) > 0.

The second property of U/ that we would want to extend
to a generic f is that of symmetry: when the distance is un-
informative and some elements are isomorphic, they receive
similar weights. In particular, if all elements of a finite subset
S are equidistant, then f(.S) should be uniform over S.

Axiom 2 (Symmetry). Elements of a set that are symmetric
with respect to the metric are equally represented, i.e., for all
finite subset S € P(E) and self-isometry og : S — S, it
holds for all x € S that f(S)(x) = f(S)(0s(x)).

Importantly, we consider in the above definition that the
permutation og preserves the distance on .S, but need not
be extendable to a full isometry on E. Moreover, determin-
ing the automorphism group of a set S is an instance of the
graph automorphism problem, which is known to be solvable
in quasi-polynomial time [Helfgott er al., 20171, but is nei-
ther known to be in P nor to be NP-complete. Luckily, two
symmetric elements x and og(z) possess the same multi-set
of distances {{d(x,y)}}ycs and we only need to make sure
that similar multi-sets lead to similar representations.

Finally, the third property that ¢/ trivially satisfies is that of
continuity, since the topology induced by the metric p is the
discrete one. In order to define a notion of continuity for gen-
eral metric spaces (F,d), we let d(y, X) = mingcx d(z,y)
denote the distance from an individual element y in F to a
finite subset X in P(F). We then equip the domain P(FE)
of a representation function f with the natural metric asso-
ciated with d, that is the Hausdorff distance dg(X,Y) =
max { maxzex d(z,Y), maxyey d(X, y)} where X,Y are
two finite subsets of E. Finally, we denote by 7x the
canonical projection on a finite subset X, that is the map
mx Yy € E — argming.xd(x,y), and let d(X) =
ming.ex d(x,z’) be the minimal distance between two
distinct elements of X. The following result characterizes
neighborhoods in the metric space (P(E), dp).

Lemma 1. Let X be a finite subset of E and let § satisfy
d(X)/2 > 6 > 0. A finite subset Y € P(E) is at dis-
tance dy(X,Y) < 0 if and only if the canonical projection
7x|y is the unique surjective map © : Y +— X such that
maxyey d(y, m(y)) < 6.

The proof of Lemma 1 is included in Appendix B. Inter-
estingly, the surjectivity means that, in small enough neigh-
borhoods of a fixed finite subset X, there are only sets of
cardinality greater or equal to that of X. Moreover, the pro-
jection m = mx/|, offers a neat way to identify which ele-
ments of a neighboring set Y correspond to some element x
of X: we then refer to each 7~ (z) = {y € Y | n(y) = =}
as a class of clones since all y,y’ in w1 (z) are at distance at
most 2§ by the triangle inequality. Summing representations
over each class of clones we are then able to collapse some
of the dimensions of the codomain A(Y") and identify it with
A(X). Note that such an homeomorphism was apriori not

clearly identifiable since the two simplices would be of dif-
ferent dimensions whenever |Y| > |X|. With this intuition,
we then define class continuity as follows.

Axiom 3 (Class Continuity). Representation is class-wise
continuous, i.e., for a finite subset X € P(E) and ¢ > 0,
there exists 6 > 0 such that, for each finite subset Y € P(E)
satisfying dp(X,Y) < 8, we have max,ex |f(X)(z) —
Y yen—1(z) FY)(y)| < € where 7 = 7x|y denotes the
canonical projection on X.

We show in Appendix B that this formulation corresponds
to the classical definition of continuity between two carefully
chosen metric spaces. Note moreover that Axiom 3 ensures a
form of cloneproofness, i.e., robustness of representation un-
der the addition of clones. Intuitively, when a set Y contains
many d-clones, we can find a set X of smaller size in its §-
Hausdorff neighborhood: Axiom 3 then ensures that X and
Y have “similar representations” when summing probabili-
ties locally over the redundancies in Y.

However, we argue that this definition of continuity, al-
though intuitive, is perhaps not desirable from an application
standpoint. Indeed, we show hereafter that a representation
function f satisfying Axioms 2 and 3 may give very different
individual representations to points in nearby sets.

Example 1 (Diverging individual representations.). Let f be
a representation function on the three-dimensional Euclidean
space (R®,dy) satisfying both Axioms 2 and 3, and define
the parametric family So. g = {o, ua,v;{ﬁ,vgﬂ}, where
0 =(0,0,0), us = (1,,0), v, = (1,—B,7) and v, =
’ug,"_ - Figure 2 summarizes our construction.

On one hand, consider the set Sy ¢ ~, where o > 0 is fixed
and v > 0 is much smaller than a. Since S« converges
to the set So = {0,Uq,U_q} in the Hausdorff sense when
v goes to zero, Axiom 3 implies lim~_,o f(Sa.a~)(Ua) =
f(Sa)(ua). Moreover, S, converges in turn to the symmetric
set So = {o,up}, and Axioms 2 and 3 together imply that
limg 0 f(Sa)(ua) = f(So)(uo)/2 = 1/4. Combining these
two results, we get

lim lim f(Sa,a~)(ta) =1/4.

a—0~v—0

On the other hand, consider the set Sa’a /2.V/30)2" Note

+ —_
Ua/Q,\/ga/Q and va/2,\/§a/2

lateral triangle centered in ug and orthogonal to the origin,
hence by Axiom 2 they must receive similar representation.
As Sa’a /2.v/30/2 also converges to the symmetric Sy when

goes to zero, Axioms 2 and 3 finally imply

that the points u., form an equi-

(}éii%f(sa,a/Z\/ga/Q)(ua) = 1/6

We hence constructed two arbitrarily close sets of the same
cardinality whose individual representations differ.

The consequences of this interaction between Axioms 2
and 3 are perhaps better understood from a fairness perspec-
tive. Imagine for example an online lottery where participants
can register for free by providing personal parameters that are
difficult to forge, i.e., whose values may only be be slightly
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Figure 2: Visualization of the divergence of individual representa-
tions under Axioms 2 and 3. The edges in 2a highlight the sym-
metries of Sq,a,y in the limit v — 0; the equilateral triangle in 2b
displays the symmetry of Sa,a/z,\/ﬁa/Q-

modified. In this scenario, cloneproofness means ensuring
that a malevolent attacker cannot gain from registering to the
lottery many times, i.e., keeping the lottery fair for players
without the capacity or the envy to forge many fake identi-
ties. However, it may still happen that two individuals, e.g.,
two siblings, have similar personal parameters and cannot be
distinguished from a behavioral perspective from two malev-
olent clones. In their misfortune, the two siblings would at
least hope that they share the price equitably: the above ex-
ample shows that using a representation function satisfying
Axioms 2 and 3 would not ensure such clone fairness, a prop-
erty formalized in the following axiom. This can be thought
of as a continuous extension of Axiom 2 since perfect clones
at distance precisely zero would always be isomorphic with
one another, and thus have equal representations.

Axiom 4 (Uniform Clone Fairness). Representation is fair
among d-clones, i.e., for all € > 0, there exists § > 0 such
that, for all finite subset S € P(E) and x,y in S satisfying
d(z,y) <4, it holds that | f(S)(x) — f(S)(y)| <e.

Given this incompatibility, we propose to replace Axiom 3
with two slightly weaker axioms that are however compatible
with the clone fairness in Axiom 4. Because Axiom 3 consid-
ers sets of different cardinality, it collapses high-dimensional
simplices into smaller ones, and only looks at the continuity
of representation between different classes of clones. In so
doing, it loses track of individual representation which end
up locally diverging. A simple solution to this issue is then
to restrict the requirements of Axiom 3 to sets of similar car-
dinality. Note that any surjective map 7 : Y — X becomes
bijective in such a case, and this applies in particular to wx |-
when 4 is small enough in Lemma 1.

Axiom 5 (Individual Continuity). Representation is element-
wise continuous, i.e., for a finite subset X € P(E) and e > 0,
there exists & > 0 such that, for all subset Y € P(FE) with
Y| =|X|anddy(X,Y) <4, we have max,ex |f(X)(x)—
F(Y) (7 (z))| <€ where m = x|y denotes the canonical
projection on X.

Note that Axiom 5, unlike Axiom 3, does not address the
addition of clones. To account for this, we introduce a second
weakening of Axiom 3, essentially requiring continuity of
representation everywhere except in the vicinity of the newly

added clone. This relaxation allows for greater flexibility in
how the mass is redistributed locally.

Axiom 6 (a-Locality under Addition of Clones). The ad-
dition of a clone only changes the representation of points
in the a-neighborhood of the clone, i.e., for a finite subset
S € P(E) and € > 0, there exists 6 > 0 such that for
each element © € S and 0-clone ' satisfying d(z,z’) <
0, we have for all z € S such that d(z,z) > « that

1f(S)(2) = fF(SU{a'})(z)| < e.

Though similar in formulation, note that Axiom 4 cannot
be derived from Axiom 5 by simply plugging in ¥ = X,
since the restricted projection mx | is always the identity.
Moreover, Axioms 4 and 6 provide orthogonal restrictions
in the presence of clones: the former dictates how to shift
weights around the recently introduced clone, while the lat-
ter ensures weights do not change away from it. We further
discuss the relationship between these axioms in Appendix B.

We finally denote by R, (E,d) the set of representation
functions on (F, d) satisfying Axioms 1, 2, 4, 5 and 6 with
parameter o > 0. The burning question is now this: does the
set R (E, d) contain any elements at all?

4 Local Voting Approach

To construct representation functions that satisfy our axioms,
the first step is to identify invariant objects under clones’ ad-
dition: we argue that the open balls of the topology, that is the
B.(z) :={y € E | d(z,y) < r} for some element x € E
and radius r > 0, are natural invariants for our problem. In-
deed, they are stable under the addition of clones, in the sense
that for some é-clones x,y in E satisfying d(z,y) < 6, the
triangle inequality ensures that B,.(z) C B,(x) U B,(y) C
B,.t5(x). If we then equip our space with a measure p defined
on the open balls of the space' and associate with each finite
subset X C F its neighborhood B,.(X) = U,cx Br(2),
we obtain a map invariant under clone addition. Indeed, for
each neighboring finite set Y C Bs(X) with r > § > 0,
we have 11(B,_5(X)) < (B (Y)) < p(Br4s(X)) and the
map X € P(E) — pu(B,(X)) is continuous with respect to
the Hausdorff distance.?

Note however that further requirements are needed to sat-
isfy the symmetry in Axiom 2, essentially regarding the ho-
mogeneity and the isotropy of the underlying measure space.
For this reason, we focus on Euclidean spaces (R", dz) for the
remainder of the section, where da(z,y) = > i (z; — v;)?
forall z = (xi)lgign and Yy = (yi)lgifn in R™. We will dis-
cuss in Section 5 how to adapt our approach to more general
metric spaces.

Based on the above invariant, we construct a representation
function as a local voting scheme. For a fixed » > 0 and finite
subset S C R™, we consider each element of B,.(S) as a voter
that approves only of the candidates in S close to him, and as
such spreads his voting power equally among them. Formally,
we define the grade that each voter z in B,.(.9) attributes to a

'Le., on the Borel o-algebra.
2 At least when 1 is locally finite.



candidate z in .S as follows

]lBr(w)(Z)
Or8z(2) = ="
> yes 1B (y)(2)

We then aggregate the ballots with the Lebesgue measure
1 and finally define the representation function g,, for each
finite subset S C R", as follows

grSw )
gr(5) xES»—>/ s (B )) du(z).

As illustrated in Figure 3, the representation function g,
computes a weighted average of the inverse depth of each
cell, with the depth defined as the number of intersecting balls
forming the cell and the weights based on the cell’s size.

gr(S)(z) ~0.19

Figure 3: Computation of ¢,(S)(x) in the two-dimensional Eu-
clidean space (R?, d2), where the set S = {w, z,y, 2} contains four
elements. A cell A,(U) is uniquely defined by the subset U C S as
the possibly empty intersection of the balls around each element in
U and the complement of the balls of each element of .S absent from
U (c.f. Appendix C). For each subset U containing z, the grading
function g, s, is constant on the cell A,(U) and equal to the in-
verse depth of the cell, i.e., gr.5,(z) = 1/U for all z in A, (U).
The weight of z in S is then equal to the weighted average of g,,5,»
on the ball centered in x, where the weight of each cell corresponds
to its area normalized by the total area of the balls’ union. We esti-
mated the value g,(S)(z) ~ 0.19 via Monte Carlo sampling.

We next show that this class of representation functions
satisfies the desirable axioms we introduced in Section 3.

Theorem 1. For r > 0, the representation function g, is
well-defined and belongs in Ra,(R™, d3).

The detailed proof of Theorem 1 is included in Ap-
pendix C, and we provide here a sketch of the proof. As de-
picted in Figure 3, the weight g,.(S)(z) is in fact a weighted
average of positive elements, hence it is positive and Axiom 1
trivially holds. Showing that g, is symmetric (Axiom 2) is
also relatively straightforward after observing the following
two properties of Euclidean spaces: first, the fact that one
can uplift any self-isometry og on a finite subset S to an
isometry on the entire space R", c.f. Appendix D; second,
the fact that the Lebesgue measure is invariant under trans-
lations, rotations and reflections, which generate the group
of Euclidean isometries [Gallian, 2020]. The most challeng-
ing aspect of the proof is verifying that g, satisfies Axioms 4,

5 and 6. While these proofs are technically intricate, they
fortunately follow a similar structure. We illustrate our ap-
proach by focusing on the simpler case of Axiom 4 below.
In order to bound the difference of representation function
lg-(S)(x) — g-(S)(y)|, we first show that the grading func-
tions g s, and g, s, are equal outside of a thin spherical
shell parametrized by 4, the distance between the neighbor-
ing elements x and y (c.f. Figure 4a). This allows us to obtain
a difference of Lebesgue measure u(B,(x)) — w(Byr—_s(x)),
which we then bound in terms of § by taking the limit of this
difference as § approaches zero (c.f. Figure 4b). The formal-
ization of this argument relies on tools from geometric mea-
sure theory, particularly the n — 1-dimensional Minkowski
content. These arguments are illustrated in Figure 4.

(a) The ball B,_s(x) belongs
in the intersection of B, (x) and
B, (y), hence z and y receive the
same grade from every voter on
B,_s(x).

(b) The n"-dimensional volume
of the green set (A) can be ap-
proximated as § times S~ !, the
n — 1"-dimensional surface of a
ball of radius 7.

Figure 4: Key steps in demonstrating that g, satisfies Axiom 4.

Since R.(F,d) is monotonically increasing in positive
a, Theorem 1 actually ensures that the whole collection
{9r}a/2>r>0 belongs in R, (R™,dz). Moreover, it is rela-
tively straightforward to see that R, (R",ds) is a convex
set and, as such, contains all finite convex combinations of
{9r}a/2>r>0- Since the representation functions g,. are well-
behaved, we generalize this result as follows.

Theorem 2. Let v be a probability density function over
[0,/2]. Then the representation function f, S €

P(R") — Oa/2 v(r)g,(S) dr belongs in R (R™, ds).
The detailed proof of Theorem 2, provided in Appendix C,
relies on inequalities derived for the proof of Theorem 1.

5 Discussion

We gather in this section different remarks on our results as
well as possible extensions of our work.

Extension to Perfect Clones. The framework we consid-
ered until now only allows for d-clones with § > 0, but
not perfect clones, i.e., with 6 = 0. The appropriate analyt-
ical tool to handle this is to consider a pseudo-metric space
(E, d) instead of a metric one, where the pseudo-metric d ver-
ifies non-negativity, symmetry, triangle inequality like a full-
fledged metric, but only verifies identity instead of separabil-
ity. This exactly means that two different elements x # y in
E may be perfect clones, i.e., d(z,y) = 0.

Most of the axioms we introduced directly extend to
a pseudo-metric space (F,d); however, the surjectivity in



Lemma 1 breaks, and with it Axioms 3 and 5. To circumvent
this issue, we rely on the equivalence relationship induced by
the vanishing of the pseudo-metric, i.e., we define the metric
identification as x ~ y if and only if d(z,y) = 0, and write
[x] for the equivalence class of x in E. Letting E* = E/~
denote the quotient space of E by the equivalence relation ~,
and defining d* : ([z],[y]) € E* x E* — d(z,y), we then
refer to (E*, d*) as the metric space induced by the pseudo-
metric space (F,d). In order to adapt Axiom 5 to a pseudo-
metric space, we simply ask that its requirements be verified
after we collapse all perfect clones. In other words, there must
exists a representation function f* of (E*,d*) verifying Ax-
iom 5 such that f*(X/~)([z]) = X_, ¢ (y)nx f(X)(z') holds
for all choices of X and z € X. We refer the interested reader
to Appendix E for more details.

Note that a similar extension is possible for Axiom 3. As
argued in Section 3 however, representation functions satis-
fying both this extension and Axiom 2 would treat d-clones
and perfect clones differently since the latter are always iso-
morphic but the former not, thus violating Axiom 4.

Extension beyond Euclidean spaces. While the solution
proposed in Section 4 is restricted to Euclidean spaces, simi-
lar ideas could be applied in more general metric spaces. Us-
ing a Radon measure p, one could define the representation
functions g, in full generality and show similarly as in The-
orem | that Axioms 1, 4, 5 and 6 hold. The real challenge
however is to satisfy Axiom 2.

Indeed, our proof relies on two convenient properties of
Euclidean spaces: first, the uplifting of self-isometry og to
the entire space; second the invariance of the Lebesgue mea-
sure under translations, rotations and reflections. What can
be done without these properties? The first problem could
be entirely shunned by arguing that only full-fledged isome-
tries should be considered in the definition of Axiom 2. The
second issue is however tougher to ward off. To extend invari-
ance by translation beyond vector spaces, one should consider
uniformly distributed measures, i.e., measures that give the
same weight to all balls of the same radius. However, such
measures turn out to be very rigid objects and are uniquely
defined up to a multiplicative constant in most metric spaces.

Lemma 2 (From [Christensen, 1970]). Let (E,d) be a lo-
cally compact metric space. There exists a Radon measure
w defined on the Borel o-algebra of E that is uniformly dis-
tributed, i.e., it verifies 0 < p(B,(z)) = p(Br(y)) < oo for
all v > 0 and x,y in E. Moreover, this measure is unique up
to a multiplicative constant if E is separable.

As a particular example, this essentially implies that the
Lebesgue measure is the only Borel measure invariant by
translation on R™. This comes as an awful news since this in-
dicates that our approach is doomed even in the simple case of
R™ endowed with the L! distance d1(z,y) = > 1, |z; — yil.
as explained in Figure 5.

Such metric spaces thus require developing techniques dif-
ferent from the one introduced in this work. Topologically
independent representation functions would provide an ele-
gant solution to this issue, i.e., functions that do not rely on
the topological properties of (E, d), but rather solely depend
on the distance matrices associated with each finite set.

Figure 5: The representation function g, does not satisfy Axiom 2 in
(R?,d1). As illustrated by the dashed L' ball centered in , points y
and z are indeed at the same distance of x, thus belong in a common
isometry class in S = {z,y, z} and should receive similar repre-
sentation under Axiom 2. Note however that the Lebesgue measure,
i.e., the area, of the intersection between the red and the green ball
differs from that of the intersection between the red and the blue

ball, hence g (S)(y) # g-(S)(2).

Axiom 7 (Topological Invariance). Representation only de-
pends on the distance matrix associated with each finite set,
i.e., there exists a family (hy)n>1 with hy, : R™*™ — A(n)
such that, for all S € P(E) of cardinality |S| = n, we have
f(S) = hp(M(S)), where M = (d(x,Yy))syes € R"*" de-
notes the distance matrix associated to S and d, unique up to
permutations.

Identifying representation functions within R, (E, d) that
adhere to Axiom 7 is a promising direction for future works.

Computability Our focus thus far has been on identifying
representation functions with theoretically desirable proper-
ties. However, from a practical standpoint, such tools are of
little utility if they cannot be computed efficiently. This con-
cern is encapsulated in the following principle.

Axiom 8 (Exact Computability). The representation of any
given subset is efficiently computable, i.e., for any subset
S € P(E), the probability distribution f(S) can be exactly
computed in time polynomially bounded by the cardinality | S|
of the subset, and the dimension n of the space if E = R".

It is worth noting that the representation functions intro-
duced in Section 4 are unlikely to meet this criterion. For
example, computing ¢,-(5)(z) would a priori involve aver-
aging g s, over as many as O(2!5!) disjoint cells, making
the approach computationally infeasible. Additionally, even
the simpler task of calculating the volume (B, (S)) of the
union of Euclidean balls becomes increasingly challenging
in higher dimensions (see [Cazals et al., 2011] for the case
n = 3). While hardness results for this specific problem are
not readily available, related problems, such as computing the
exact volume of the union of general axis-aligned boxes, are
known to be #P-hard [Bringmann and Friedrich, 2010].

In practice, as often occurs, we may want to relax Axiom 8
and settle for approximate evaluations of g¢,.(S). Monte-
Carlo-based methods [Bringmann and Friedrich, 2010;
Mitchell er al., 2018] could potentially be adapted to our
framework and enable us to efficiently estimate g,.(.5) within

an e factor with high probability, where € < 1/ Vk typically
decreases quadratically with the number of samples k.
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A Preliminaries & Notations

In this section, we provide an overview of the notations used
throughout the paper and introduce the key tools necessary
for our demonstrations.

Metric spaces and Hausdorff norm. Let £ be a set and
letd : E x E+— Rx>( be a metric on FE, that is an operator
satisfying forall z,y,z € &

1. (Non-negativity) d(z,y) > 0;

2. (Symmetry) d(z,y) = d(y, v);

3. (Triangle inequality) d(z, z) < d(x,y) + d(y, z) ;
4. (Separability) d(xz,y) =0 < z =y.

Forn € N, let P,,(E) := {S C E | n = |S|} denote the
powerset of subsets of F of cardinality n; we further denote
by P(E) := U,,>1 Pn(E) the set of finite subsets of £. In
particular, P(F) does not contain the empty-set.

We equip P(FE) with the Hausdorff distance dy, defined
for two finite subsets X,Y in P(E) as

dp(X,Y) := max { %%%(d(x,Y),rl?E%d(X, Y)}

A metric space is finally defined as an ordered pair where
the first element is a set and the second is a metric on this set;
(E,d)and (P(E), d) constitute the two most prominent ex-
amples of metric spaces in this work.

Isometries and self-isometries. In the metric space (E, d),
an isometry is defined as a map o : £ — FE that preserves
distances, i.e., that verifies for all z,y in F,

d(o(x),0(y)) = d(z,y).

For X € P(F) a finite subset of E, we moreover re-
fer to an isometry in the subspace induced by X as a self-
isometry on X, i.e., a permutation cx : X — X such that
d(ox(z),0x(y)) = d(z,y) forall z,y in X.

While restricting an isometry o to a subset X C E gives
a self-isometry on X, note that the converse may not hold in
general. We however show in Appendix D that it holds in the
particular case of Euclidean spaces and that a self-isometry
ox on X C F may then be extended to a full-fledged isome-
try o on the entire space E.

Projection. For X a finite subset of F, we let d(X) denote
the inner diameter of X, defined as

d(X) =

min_d(z,z’).
cz#x' € X
Moreover, we define the canonical projection on X as
the operator mx E — P(X) verifying nx(y) =
argmin .y d(z,y) forall y in E.

In particular, note that the codomain of wx is P(X), since
the minimum may be achieved in multiple points simultane-
ously. Lemma 1 shows however that this does not happen
when the domain of 7wy is restricted to finite sets Y close
enough to X; we denote the restricted operator as 7x|y-. In
such cases, we may associate each singleton {z} in P(X) to
the corresponding element x € X and recover the formula-
tion in the main body.

Topology. In a metric space (E,d), we denote by B,(z)
the open ball of radius » > 0 centered in x € F, that is the
set B.(z) :={y € F | d(z,y) < r}. When X is a set of
points in E, we extend this definition and write B,.(X) :=
U.ex Br(z) for the union of the open balls of radius r > 0
centered at each element of X.

A set X C F is then said to be open if it contains a ball
of positive size centered in each of its elements, i.e., for all
x € X, there exists r > 0 such that B,.(z) C X. On the
contrary, we say that a set X is closed when its complement
X¢ = FE\ X is open. We next define the closure X of a set
X as the smallest closed set that contains X, and its interior
X as the largest open set contained within X.

Hausdorff measure. A o-algebra on E is a non-empty col-
lection of subsets of E closed under complement, countable
union and countable intersections. In particular, the Borel o-
algebra ¥ is the smallest o-algebra by set inclusion contain-
ing all open sets of E.

We refer to the ordered pair (E, X) as a measurable space,
and define a measure as a function p : ¥ — R U {00} that
verifies

1. Non-negativity: 1(X) > 0forall X € ¥;
2. p(®) =0;

3. Countable additivity: p(Upeny Xk) = D pen #(Xk)
for all countable collection { X} }ren of pairwise dis-
joint sets in 3.

The Hausdorff measure is particularly important, we recall
its definition hereafter. For U a subset of F, we first define
the diameter of U as

diam(U) = sup{d(z,y) | z,y,€ U}.

We moreover adopt the convention diam(f)) = 0. For two
positive real number § and m, as well as a subset X € ¥, we
further write

HP(X) = inf { > diam(Up)™ |X C | Uk,

kEN keN
diam(Uy) < (5},

where the infimum is taken over countable collections
{Up }ren that cover X with sets of diameter smaller than 6.
The m-dimensional Hausdor{f measure is then finally defined
as
H™(X) =2 "ay, - im HJ' (X),
§—0

_n,m/2

where a(m) = TonyagTy denotes the volume of the unit -
ball, and I represents Euler’s gamma function.

When m is an integer, the scaling 2~ «,,, ensures that the
m-dimensional Hausdorff measure coincides with the classi-
cal Lebesgue measure on the Borel sets of an m-dimensional
Euclidean space.

For an Euclidean space (E,d) = (R",d3), we can there-
fore write the n — 1-dimensional surface of a ball of radius
r>0as

Sfffl = ’7'-L”*1(B,q(a:))7



where x may be any point in E since the Lebesgue measure,
hence also the Hausdorff measure, are invariant by transla-
tion. Denoting by V,”* the n-dimensional volume of a ball of
radius r > 0, we moreover have V" = a(n)r™ as well as the
relation S~ ! = 2V,

Geometric measure theory. For two subsets X, Y of £ =
R™, we define the Minkowski sum X + Y as follows, i.e.,
X+Y={z+ylzeX,yeY}

Leto = (0,...,0) denote the origin and let m be an integer
verifying 0 < m < n. We next define the m-dimensional
Minkowski content of X as

X+ B
M*™(X) = limsup w’
s0 a(n—m)on—m

where p denotes the m-dimensional Lebesgue measure, and
X + Bs(0)) is a Minkowski sum. The m-dimensional lower
Minkowski content M"*(X) is similarly defined by replacing
the sup by an inf in the definition of M*™(X).

When the upper and lower m-dimensional Minkowski con-
tents are equal, we call their common value M™(X) the m-
dimensional Minkowski content of X.

In particular for m = n — 1, we have «(1) = 2 and we get

n—1 T :U'(X+B5(0))
R s

A set X is said to be m- rectifiable if and only if there
exists a Lipschitz function mapping some bounded subset of
R™ onto X.

With these definitions in place, we can now present a fun-
damental result in geometric measure theory that establishes a
connection between the Minkowski content of well-behaved
sets and their Hausdorff measure.

Theorem 3 (From [Federer, 1996], Thm 3.2.39). If X is a
closed m-rectifiable set of R™, then M™(X) = H™(X).

B Definition of Continuity in Terms of Metric
and Discussion of the Axioms

In this section, we prove the Lemmas discussed in Section 3,
and provide a more thorough discussion of the relationships
between the different Axioms.

We open this section with a short proof of Lemma 1 char-
acterizing neighborhoods in (P(E), dg).

Lemma 1. Let X be a finite subset of E and ¢ satisfy
d(X)/2 > 6 > 0. A finite subset Y € P(E) is at dis-
tance dg(X,Y) < § if and only if the canonical projection
x|y is the unique surjective map © : Y +— X such that
maxycy d(y, m(y)) < 0 holds.

Proof. Let X be a finite subset in P(E) and let § satisfy
maxy g ex d(z,x')/2 >0 > 0.

We first show the converse <= . Consider a finite
subset Y such that # = mx|, is surjective and verifies
d(y,m(y)) < 4. We directly have d(X,y) < d(7(y),y) <
§ for all y € Y. Moreover for z € X, the set 7~ !(x)
is non-empty by surjectivity of 7, and we similarly get

d(z,Y) < mingeq-1¢;)d(n(y),y) < o. Taking the max-
imum over Y and X respectively, we finally establish that
maxycy d(X,y) < 0 and max,cx d(z,Y) < 4, which,
combined with the definition of the Hausdorff norm, gives
the desired result dpy (X,Y) < 6.

We now turn to the direction = . Let Y be a finite
subset in P(E) that verifies dy(X,Y) < 4. We first show
that m = 7 X|Y is well-defined and surjective. Indeed, con-
sider x in X and let y be an element of Y closest to z. We
then directly get d(z,y) = d(z,Y) < dy(X,Y) < 4§ <
max, . ex d(z,2')/2. Moreover, let 2’ be an element of X
different from z: by triangle inequality, we get d(y,x’) >
d(z,2’) — d(z,y) > max, »ex d(z,z) — > ¢. This im-
plies that x is the only element in X at distance at most § of y,
hence we have 7(y) = « and 7 is well-defined and surjective.

Moreover, any other choice of w(y) = 2/ # x will
break the property max,cy d(y, 7(y)), and 7x |, is the only
choice.

O

We next show that Axiom 3 is simply an instance of the
definition of continuity between two metric spaces. For S
a finite subset of F, recall that we denote by A(S) :=
{ps : S = [0,1] | X, cqps(z) = 1} the set of proba-
bility distributions over the elements of S. We further define
Ap(E) = Ugepm) A(S) to be the set of probability dis-
tributions over all finite subsets of . For two finite subsets
X,Y of E with | X| < |Y| and respective probability distri-
butions px in A(X) and py in A(Y"), we then define the map
da : Ap(E) x Ap(E) — R as follows:

da(px,py) = min max { max d(y, 7(y)),
7 surjective
> lx - X ]
zeX yer—1(x)

=da(py,px).

Lemma 3. The map da constitutes a metric on Ap(E).

Proof. Note that symmetry and non-negativity clearly hold by
definition. We hence focus on separability and triangle in-
equality.

 Separability. Let X, Y be two finite subsets of E satisfy-
ing | X| < |Y|, and let px, py be probability distribution
on the respective sets.

On one hand, we verify that da (px,px) = 0: indeed,
the choice m = 1d renders both terms of da(px,px)
null since d and || - ||; both satisfy distinguishability.

On the other hand, suppose that da (px,py) = 0, and
let 7 : Y — X be the surjective map achieving the
minimum. Since the first term is null and d verifies
distinguishability, we directly get that X = Y. Since
the second term is moreover null, we moreover obtain
px = py, and da also verifies distinguishability.



* Triangle inequality. Let X,Y, Z be three sets in P(FE)
satisfying | X| < |Y| < |Z|, and px,py,pz be proba-
bility distribution on the respective sets. Let my : Z +—
Y and 7x : Y — X be the two surjective maps that
achieve the minimum in da (pz, py ) and in da (py, px)
respectively; we then denote by 7 the surjective map
Tx omy : 4 +— X.

da(px,pz)

(a)
<
< max { max d(z,7(2)),

> lpx@ - Y w22

zeX zem—1(x)

b

< max{maxd z,my (2)) + d(my (2), 7(2)),

‘px Z py(y )‘

zeX YyETx (I)
vz}

+ 0y ’py(y) -
seny(y)
(©)
< max { max d(z, my (z)) + maxd(y, x (y)),
zZ yey

yery' ()

ze
S fpxte) - Py (v)|
xeX yE‘IT;(l(l')
F Xl - X patal]}.
yey zemy ! (v)

(d)
< da(px,py) +da(py,pz).

Inequality (a) follows from the minimum in the defini-
tion of da (px,pz) being smaller than with the partic-
ular choice 7 = mx o 7y inequality () use the tri-
angular inequality, as well as the partition 71 (z) =
Uyeﬂ_;(l(x) 7y ' (y). Inequality (c) holds by taking the
maximum over Y in the first term and summing over
the whole set Y instead of simply 7—1(x) in the second
term; inequality (d) finally uses the inequality max{a +
b,u+ v} < max{a,u} + max{b, v}, as well as the def-
initions of 7y and 7.

O

Combining these results, we finally characterize the repre-
sentation functions that satisfy Axiom 3.

Lemma 4. A representation function f satisfying Ax-
iom 3 is precisely a continuous map from (P(E),dy) to

(Ap(E),da).

Proof. Note that a representation function f is indeed a map
from P(E) to Ap(FE), we hereafter focus on the relationship
between Axiom 3 and continuity between metric spaces.

We first prove the direction = . Consider an arbitrary
small ¢ > 0 and a finite subset X in P(E). By Axiom 3

and Lemma 1, there exists § > 0 small enough such that
maxeex | F(X)@) — 3yeniim FV))] < ¢/|IX] holds
for all finite subset Y satisfying dg(X,Y) < §, where the
canonical projection @ = mx|,- is surjective. For all such
subset Y, we then get

A (), 1)) < mave { e (7).

S io@- Y \}

zeX yen—1(x)

Note that the first term is bounded by § < € by definition of
Y and 7. Moreover, as shown above, each of the | X| terms
of the sum is bounded by €/|X| . We hence conclude that
da(f(X), f(Y)) < ¢, and f is indeed a continuous map be-
tween the two metric spaces (P(E),dy) and (Ap(E),da).

We next turn to the direction <= . Consider a finite sub-
set X in P(FE) and an arbitrary e such that d(X)/2 > € > 0.
By definition of continuity, there exists § > 0 such that
for all subsets Y in P(F) satisfying dy(X,Y) < 4, it
holds that da (f(X), f(Y)) < e. Let 7 be the minimizer in
da(f(X), f(Y)); since 7 : Y +— X is a surjective map sat-
isfying d(y, m(y)) < eforall y € Y, Lemma | implies that
T=T"Tx |Y. We then directly get Axiom 3, i.e.,

max| f(O)(@) = Y FYV)W)| < da(f(X), 7)) <

yer—1(x)
O

‘We conclude this section with a discussion of Axioms 3, 4,
5 and 6. First, note that the formulation of Axiom 4 stands
out from the three others because it inverses the quantifiers
for X and 4, in the spirit of uniform continuity. Note that this
detail is of great importance as the non-uniform equivalent
of Axiom 4 would always be trivially satisfied for a given fi-
nite subset X by choosing ¢ strictly smaller than d(X). Even
in the case of perfect clones in a pseudo-metric space (c.f.
Section 5 ), this weaker form of Axiom 4 would not be in-
teresting since perfect clones, being in the same isomorphism
class, would already obtain the exact same representation un-
der Axiom 2.

One could however wonder whether stronger uniform ver-
sions of the remaining axioms could be considered. We ar-
gue this is not easily done for Axioms 3 and 5. Indeed, both
are defined in terms of the canonical projection 7x |y, which
is only necessarily surjective for a value of § smaller than
d(X)/2, i.e., that depends on the choice of the underlying fi-
nite subset X (c.f. Lemma 1). Note moreover that surjectivity
is vital: for each element 2 in X and 6 > d(X)/2, we can
find a choice of Y such that z is not in the codomain of 7 x |Y,
and x should receive representation smaller than €. This is of
course a contradiction. Furthermore, switching to different
surjective maps is not an alternative: what about symmetric
cases, e.g., X = {(0,0),(1,1)} and Y = {(0,1),(1,0)} in
R2? One would then have to consider multiple maps simulta-
neously, each with contradictory constraints.

The same issue does not occur for Axiom 6 however, since
it compares the representation of the same element z in two



different nearby sets. One could then strengthen Axiom 6 by
asking for § to be independent of the underlying subset X.

Axiom 9 (Uniform «-Locality under Addition of Clones).
The addition of a clone only changes the representation lo-
cally, i.e., for each € > 0, there exists 6 > 0 such that for all
finite subset S € P(E), element x € S and §-clone ' satisfy-
ing d(z,2') <6, we have for all z € S such that d(x,z) > «
that |f(S)(2) — f(SU{z'})(2)[ < e

Another possible direction to strengthen Axiom 6 would be
to require the same to hold also for € = 0.

Axiom 10 (Strict a-Locality under Addition of Clones). The
addition of a clone only changes the representation locally,
i.e., for a finite subset S € P(E), there exists 6 > 0 such that,
Sor each element x € S and 0-clone x' satisfying d(x,x') <
d, we have forall z € S suchthat d(x, z) > athat f(S)(z) =
ASU{a}(2).

Note that the family of representation function g,- we intro-
duced in Section 4 verifies neither of these strengthenings.

C Proofs of the Main Results

This section gathers the proofs of Theorems 1 and 2. Most of
the technical tools required for the demonstrations are intro-
duced in Appendix A. Before delving into the proof of Theo-
rem 1, let us first recall its formulation.

Theorem 1. For r > 0, the representation function g, is
well-defined and belongs in R, (R™, d2).

Proof. Let r > 0 be a positive radius, we first verify that
gr is a well-defined representation function. Let S be a finite
subset of R™, and = be an element of S, we show that g, g . is
measurable with respect to the Lebesgue measure (. Indeed,
consider the following partition of its domain

S)=J AU

Ucs

where A4, (U) =, cp Br(w) Nyes\v (B-(S) \ Br(v)) be-
longs in the Borel o-algebra for all choice of U C S. Note
that this partition is finite since there are at most 2/°! choices
for the subset U.

Moreover, g, s, is null on B,.(S)\ B,(z) and, forall U C
S withz € U and all y in A,.(U), we have g, 5. (y) = ‘—1|
Using the above partition, we rewrite

2.

{a}ycUCs

14,y ()

o

and recognize a simple non-negative function. As such, g, s,
is both measurable and integrable, and g,.(S) is well-defined.
Moreover, we verify that g,-(S) is normalized.

> () Z/B grsx du,
1

grSz Y E BT(S) — (1)

x€S zeS
]lBT x (y)
/ (@) du(y
B,.(S) 1(B(9)) ves Zzes 1B, (2) ()

1
a /&(5) 1(B(9)) =t

Since g,(S) is also non-negative, it is a probability distri-
bution over S, hence g, is indeed a well-defined representa-
tion function over P(R™).

Axiom 1. Let S be a finite subset of R", and x be an el-
ement of S. Using the expression of g, g, in Equation 1),
we get for each y in B,(x) that g, s,(y) > |S| Since
1(Br(S)) < 15| (B, (x)) by countable additivity and uni-
formity of u, we finally obtain

0 (8)(x) @ /B .

>@ B, (x) H(B ())d @

= L’M(BT(:E)) > L

S| 1(Br(8)) ~ 1S
Equality (@) holds since g, g, is null on B,(S) \ B,(x).
Hence we have g,(S)(z) > 0 for all z € S, and Axiom 1
holds.

Axiom 2. Let S C R"™ be a finite subset, g : S — S be a
self-isometry on S, and x be an element of S. Since g, 5, iSa
simple function, we deduce from Equation (1) the following,

ie.,
1
r(9)(0(2) = —=—=
9:(S)o@) = 59 {ﬂ(mgg:UQS

(a) 1 1(Ar(os(V)))
B N(BT(S)) Z

wicves  losWI

®_ 1 (T o L(A(V)))
B ,U(BT(S)) Z

{ztcves Vi

@ 1 (A (V)
— u(BA(9)) {x};:cs vl
= g:(9)(2).

Equality (a) holds by writing V = o5 (U) = {og"'(u) |
u € U} and noting that V' contains {x} Equality (b) uses
that |og(V)| = |V| and the decomposition of the isometry
og as a linear transformation L : x — Qz and a translation
T :x — x +t, where () and ¢ are the orthogonal matrix and
the vector of Lemma 5. Using that 7" o L is an isometry on
R™, we then rewrite A, (05(V)) =T o L(A.(V)).

Finally, Equality (c) follows from the invariance of the
Lebesgue measure by translation p(7T o L(A,(V))) =

1(L(A,(V))), as well as its behavior under linear transfor-

mation u(L(4,(V))) = [det(Q)| - (A4, (V)) = (4, (V).
where we used that () is orthogonal. Hence Axiom 2 holds.

9r,S,x

,U(BT(S)) -

—
—_

Since the proofs of Axioms 4, 5 and 6 use similar tech-
niques, we first introduce the necessary tools in the more
complex case of Axiom 5, and later use similar arguments
to show Axiom 6 and then 4.

Axiom 5. Let X be a finite subset of R™, and let § satisfy
min{r,d(X)/2} > § > 0. Consider a subset Y of R" sat-
isfying | X| = |Y] and di(X,Y) < 4. Note that Lemma 1



ensures that m = mx |,- the cardinal projection on X is bijec-
tive and verifies d(y, 7(y)) < ¢ forall y in Y.

For U a subset of X, we denote by 0A,(U) the boundary
of A,(U). We moreover associate with A,.(U) its “thick in-
terior” A °(U) = {x € S | d(z,0A,(U)) > &}, as well as
its “thick closure” 4,/9(U) = {z € R" | d(z, A, (U)) < 6}.
Note that these definitions allow to obtain the “thick bound-
ary” of A, (U) by set difference, i.e., dA,.(U) + Bs(o) =
AP (U)\AZ(U).

We next show that A
ment of A7 (U).

e Let u be an element of U and let 2’ be the projec-
tion of z on the boundary of B,.(u). Note in particu-
lar that z belongs to the segment [2z’,u]. This implies
that d(z,u) = d(#,u) — d(z,7') < r — § by defi-
nition of A °(U). By triangle inequality, we then get
d(z,m(u)) < d(z,u) + d(u,7(u)) < 4. Note that this
holds for all choices of « in U, hence also for all 7(u) in
w(U).

* Now let v be an element of X \ U and let 2’ be the
projection of z on the boundary of B,.(v). Note this time
that 2’ belongs in the segment [z,v] and we similarly
obtain d(z,v) = d(#',z) + d(z',v) > r+0 >r—20
using the definition of A7°(U). The triangle inequality
again gives d(z,m(v)) > d(z,v) — d(v,n(v)) > ¢ for
allm(v) e Y \ (U

Together, this implies that z lies in A,(w(U)) and we con-
clude that A“S(U) C A (n(U)).
Since A;°(U) is also a subset of A, (U), Equation (1)
1mphes for all z in X and z in AS(U), that g, x . (2) =
1y(2)/|U| = gr,y,x(z)(2). Since this holds for all choices of

U C X, we finally get that g, x » = gy y,n(x) 00 A 0% =
Uvcx 4r °(U).
We now bound the difference of representation between x

in X and 7(z) in Y using the partition of B, (X UY") induced
by A~ &X

S(U) C A.(m(U)); let 2 be an ele-

|9+ (X) () — g (V) (m())|
— _IrXe _ IrYim(e)
- ‘ /B,,(X) (B (X)) dﬂ /Br(Y) (B, (Y)) du"

INE

_|_

J e
Bo(xuyna; X p(Br(z)) "

INS

0 p(Bras(X)) - u(BAX))
11(Br(m(2)))

Z (AP (U)) -
UCX
(3)

Inequality (a) follows from the functional equality
9r. X,z = IrY,m(z) ON AL %X and the fact that the two func-
tions have their image in [0, 1] otherwise; it also uses that both

—
QO
~

| /\

T

(Br(X)) and 11(B,(Y)) are greater than p(B;(z)). We es-
tablish inequality (b) by noting that B,.(w(x)) C B.(Y) C
B,1s(X) and that the integral in the first term is bounded
by one. Finally, inequality (c) holds by writing V,” for the
volume of the n-dimensional Euclidean ball of radius r, and
using the inclusion B, 5(X) € Uy cx 4;°(U) in combina-
tion with Boole’s inequality and the definition of A~ 5X

For U C X, remark that the boundary 0A,(U) is cov-
ered by the countable union of smooth n — 1 manifolds
U,ex 0Br(x), hence it is n — 1 rectifiable. By [Federer,
1996, Theorem 3.2.39], the Minkovski content of the bound-
ary M" "1 (9A,(U)) exists and is equal to its n — 1 dimen-
sional Hausdorff measure H"~!(9A,(U)), i..,

(04, (U) + Bs(0))

M H9A,(U)) = lim

5§—0 20 ’
+0 _ -5
(é) lim :U’(Ar (U)> M(Ar ([]))7
5—0 20

— H L (DA(U)).

Equality (a) follows from the definitions of the sets A;F°(U)
and A;7°(U) leading to the set equality A, (U) + Bs(o) =
AP(U)\ A0 (U).

We can hence take § > 0 small enough so as to satisfy, for
all subsets U C X,

p(AL(U)) — p(A°(U)) < 46HH0A(U)). (4
With such a choice of 4, Equation (3) then becomes, i.e.,
86 _
|9-(X)(2) — g (V)(m(2))| < = Y H"H(04,(V)),
T UCX
(@) 165 1
< T T OB())
rzeX
(v) 160|X|n
D—
&)

Inequality (a) follows from the set equality
Uvex 04r(U) = U,cx 0B (x), as well as by noting that
each component of the boundary 0A, (U) is counted at most
twice over all subsets U C X. Equality (b) uses the relation
between the surface and the volume of an n-dimensional
sphere of radius r, i.e., H" ! (9B, (z)) = SP~1 = 2y

For a fixed radius » > 0 and an arbitrary ¢ > 0, we can
finally choose § < er/(16/X|n) small enough, and Axiom 5
holds.

Axiom 6. Let S C R™ be a finite subset,  be an element
of S and 2/ € R™\ S be a d-clone of x, where ¢ verifies
min{r,d(S)/2} > 6 > 0. We moreover denote by S’ the
union S U {2’}

The proof follows the same structure as that of Axiom 5:
for y an element of S such that d(x,y) > 2r, we first
show that g, ¢, and g, s/, are equal on a carefully chosen
set. Indeed for z an element of B,_;(y), the triangle in-
equality gives d(z,z') > d(z,y) — d(z,x’) — d(z',y) >
2r—§—(r—3J) = r, and we obtain that g, g , (2) = gr. 5 (2).



We then bound the difference of representation between S
and S’ in a similar fashion as in Equation (3).

l9-(9)(») gt(S’)(
255 ) |

/BT B (BAS))d”’

+

© p(Brys ) (B (S)) . 1(B:w) — 1(B—s(y))
- (B (y)) 1(Br () ’
©) 45 (s o

< (s +U;SH (AU )))

Inequalities (a) and (b) follow from similar arguments as
Equation (3)(a) and (b) respectively; inequality (c¢) holds
for 0 small enough by combining the arguments of Equa-
tion (3)(c) and Equation (4).

A similar double-counting argument as in Equation (5)(a)
finally gives

— (") (y)] < 22|51+ n <e  (6)

9:(5) () -

where the last inequality holds for an arbitrary ¢ > 0 and
a choice of § < er/(4n(2|S| + 1)) small enough. Hence
Axiom 6 holds with a = 2r.

Axiom 4. Let § be a positive number satisfying » > ¢ > 0,
and S be a finite subset of R”. We moreover let x, y be two
elements of S such that d(z,y) < 4.

Similarly as for the proof of Axiom 5, we first show that
B,_s(z) C B.(z) N B,(y). Indeed, for z an element of
B,_;s(x), the triangle inequality gives d(z,y) < d(z,z) +
d(z,y) < r — 3§+ 0 = r. Equation (1) then implies the func-
tional equality g, 5, = gr.s On By_s5(x).

We then bound the difference of representation between x
and y in a similar fashion as in Equation (3).

19:(5) (@) ¢ ! i

-S| < /Br(m)\BTms) 1(Br(S)

(2 N(Br(x)) - /L(BT,(;(CL'))

(B (z))
(©) 46571 4on
< U =
N VAL r

.

@)
where inequality (a) and (b) use similar arguments as
for Equation (3)(a) and (b) respectively; inequality (c)
follows from combining the arguments of Equations (4)
and (5). In particular, note that (B, (z)) — p(Br—s(z)) <
1(Brys(x)) — p(Br—s(x)) < 4557~ holds for a value of §
small enough but independent of S since the Lebesgue mea-
sure is invariant by translation.

Then for an arbitrary € > 0, a choice of § < er/(4n) small
enough ensures that Axiom 4 holds.

Conclusion. Since g, is a representation function on
(R™, dy) satisfying Axioms 1, 2, 4, 5 and 6 with « = 2r,
we conclude that g, belongs in Ro,(R", d3).

O

We now recall the formulation of Theorem 2 before attack-
ing its demonstration.

Theorem 2. Let v be a probability density function over
[0,/2]. Then the representation function f, S €

P(R") = [5/2 (r)g,(S) dr belongs in Ro(R", ds).

Proof. Let v be a probability density function over [0, «/2],
that is a non-negative Lebesgue-integrable function satisfying

foa/Q v(r)dr = 1. Let S be a finite subset of R” and x be an
element of S.

First, note that r — g, (5)(x) is a non-negative step func-
tion over Rsg, hence r — v(r) - ¢-(S)(x) is Lebesgue-
integrable and f, (S)(x) is non-negative. Moreover, we have

CICEY)

zeX (0,/2] zeX

where equality (a) uses that g, is a representation func-
tion. This ensures that f, is also a representation function
of (Rn, dg)

We now verify that Axioms 1, 2, 4, 5 and 6 are implied
for f, from the fact that g, belongs in R, (R",ds) for all
a/2 > r > 0. On the one hand, Axiom 1 is directly implied
from Equation (2), i.e,

v(r)
> dr,
/<o,a/2] |5]?

Furthermore, for an isometry og : S — S, we have

£(8)(os(@)) = /

(0,0/2]

v(r)gr(5)(os(x)) dr,

(i) v\r X T
—/(W] ()90 () (z) dr,

where equality (a) uses that Axiom 2 holds for g,., hence it
also holds for f, .

On the other hand, Axioms 4, 5 and 6 require a little more
work; we hereafter focus on Axiom 5. Let C be a positive
constant in (0, «/2), and X be a finite subset of R™. For a
constant ¢ satisfying min{C, d(X)/2} > ¢ > 0 and a finite
subset Y € P(R") satisfying dpy (X,Y) < 6 and [Y] = [X],
Lemma 1 ensures that the canonical projection m = 7x |y is



bijective and verifies maxy,cy d(y, m(y)) < 0. The following
then holds, i.e.,

£ (X)(2) = fu(Y)(o(2))]

(a
¢ [ vl - 00 @) ar
(0,a/2]

® rC o2 160|X
</ V(r)dr+/ 1/(7’)766‘ |nd7‘,
0 c r

()
<V(C)+ 7165‘0)“”.

Inequality (a) uses the non-negativity of v and the triangle in-
equality; inequality (b) holds for § small enough by bounding
the difference ’gT(X)(x) — g+(Y)(o(2))| by one in the first
term, and using Equation (5) for the second term. Inequal-
ity (c) is finally obtained by rewriting V() for the cumulative
distribution associated with the density v(-), and noting that

re M is decreasing on [C, «r/2].

Now fix € > 0; by continuity of ), there exists C' > 0 such
that V(C') = €¢/2. Then for 0 < § < eC/(32|X|n) small
enough, we get | f,(X)(z) — f,(Y)(o(z))| < € and Axiom 5
holds for f,.

Similar arguments combined with Equations (6) and (7)
respectively show that Axioms 6 and 4 hold for f,,. We then
conclude that f, belongs in R, (R", d2).

O

D Self-Isometries in Euclidean Space

In this section, we show that a self-isometry og on a finite
subset S C R" can be uplifted to a full-fledged isometry on
R"™, that is a rigid transformation.

Lemma 5. Let S = {x1,...,xm} be a finite subset of the
Euclidean space R™ and og : S — S be a self-isometry on
S. There then exists an n X n-orthogonal matrix () and an
n-dimensional vector t such that, for all i € [m], we have
o(z;) = Qm; + t.

Proof. For an index 2 < ¢ < m, we define y; = x; — z1 and
z; = o(x;) — o(x1). We then concatenate the y; (resp. z;)
and define the n x (m — 1) matrix Y = [ya, ..., yn] (resp.
Z = |2z2,...,2m]). Fori,j € [m—1], note that the following
holds:

(YTY)ij = Yir1 - Yjs1,

1
5 (lwiss + gl = lyesa I = llyia1?),
1

2 (d(%H’ 39j+1)2 — d(Tiy1, xl)z

— d(xj+1,l‘1)2),
@ %(d(a(xul)»a(xjﬂ)f
— d(0($j+1)70(x1))2)’

= Zi41 " Zj41 = (ZTZ)i’j.

Equality (@) holds since o is an isometry on S.

— d(o(@ip1),0(21))’

By [Horn and Johnson, 2012, Theorem 3.7.11], there exists
an orthogonal n x n matrix @ such that Z = QY, and we
obtain for all ¢ € [m] that o(z;) = Q(x; — z1) + o(z1) (the
case ¢ = 1 holds trivially). Rewriting t = o (1) — Q1 gives
the desired result.

O

Note moreover that the Euclidean group E(n), i.e., the
group of isometries in Euclidean space, is exactly the semi-
direct product of the orthogonal group O(n) extended by the
translational group 7'(n). In other words, Lemma 5 ensures
that all self-isometries og : S — S on a finite subset S € R"
can be extended to a full-fledged isometry o : R™ — R".

E Pseudo-metric and Metric Identification

In this section, we expand on the discussion in Section 5 re-
garding the extension of our framework to perfect clones.

Let (E, d) be a pseudo-metric space, that is an ordered pair
where Eisasetand d : £ x E — R>( is a pseudo-metric on
F satisfying, for all x,y, z € F, i.e.,

1. (Non-negativity) d(z,y) > 0,

2. (Symmetry) d(z,y) = d(y, x),

3. (Triangle inequality) d(x, z) < d(z,y) + d(y, 2) ;
4. (Identity) d(x,z) = 0.

We next show that the pseudo-metric d implicitly defines
an equivalence relation ~ on F, which we refer to as the met-
ric identification. We denote by [z] = {y € E | z ~ y} the
equivalence class of  in F.

Lemma 6 (Metric Identification in (E,d)). The binary re-
lation defined for all x,y € E by x ~ vy if and only if
d(z,y) = 0 is an equivalence relation. Moreover, for all
x ~yand z in E, we have d(x,z) = d(y, z).

Proof. The symmetry and reflexivity of ~ are directly im-
plied by the symmetry and the identity of the pseudo-metric
d; there only remains to verify that ~ is transitive.

Let x, y be elements of E such that z ~ y, i.e., d(z,y) =
d(y,z) = 0, and let z be in E. By triangle inequality, we
have on one hand d(z, z) < d(z,y) + d(y, z) = d(y, z). On
the other hand, we also have d(y, z) < d(y,x) + d(z,2) =
d(z, ), hence we indeed get d(z, z) = d(y, 2).

Applying this to z € E such that y ~ z finally implies

d(z,z) = 0, i.e., x ~ z, and we verify that ~ is transitive.
O

We next consider the quotient space of E by the equiva-
lence relation ~, that is the set E* = E/~ of all equivalence
classes induced by ~ on E. We may now define the metric
d* : ([z],ly]) € E* x E* — d(x,y), and refer to the metric
space (E*,d*) as the metric space induced by the pseudo-
metric space (E, d).

For a finite subset X C F, we similarly define the quotient
X* = X/~ = {[z] | + € X}, and define P(E)* to be
the set containing all sets X* , i.e., P(E)* = {X/~ | X €
P(E)}. We may then equip P(E)* with the Hausdorff metric
dj; associated to the metric d*.



For representation functions f operating on a pseudo-
metric space (F,d), we adapt our requirement and demand
that Axiom 5 is respected after we collapse all perfect clones.
This intuition is formalized as follows.

Axiom 11 (Individual Continuity for Pseudo-metric Spaces).
There exists a representation function f* of (E*,d*) ver-
ifying Axiom 5 that is equal to f after collapsing perfect
clones, i.e., it holds for all X € P(E) and x € X that
1 X)([=2]) = Xareapnx FXOE).

In other words, Axiom 11 demands the following: for a
finite subset X € P(E) and a positive ¢, there exists 6 > 0
such that, for all finite subset Y € P(E) verifying |Y*| =
|X*| and dy (X,Y") < 4, it holds that

max| > f(X)@)- Y M) <e

/' €z]NX yer—([z])NY

where m = wx~
restricted to Y'*.

y- denotes the canonical projection on X*
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