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Abstract

We are given an unknown binary matrix, where the entries correspond to preferences of users on items. We
want to find at least one 1-entry in each row with a minimum number of queries. The number of queries
needed heavily depends on the input matrix and a straightforward competitive analysis yields bad results
for any online algorithm. Therefore, we analyze our algorithm against a weaker offline algorithm that is
given the number of users and a probability distribution according to which the preferences of the users
are chosen. We show that our algorithm has an O(

√
n log2 n) overhead in comparison to the weaker offline

solution. Furthermore, we show that the corresponding overhead for any online algorithm is Ω(
√
n), which

shows that the performance of our algorithm is within an O(log2 n) multiplicative factor from optimal in
this sense.

Keywords: Learning, Online, Recommendation, Algorithms

1. Introduction

Among the most important keys to success when tackling a machine learning problem are the quality
and especially the quantity of training data. After all, the very definition of machine learning is to study a
given or a previously observed set of samples to produce useful predictions about identities or properties of
unseen samples.

In this paper, we study a purely algorithmic learning process that starts out with zero knowledge. Given
an unknown arbitrary binary n ×m matrix, how many entries do we have to query (probe) until we find
a 1-entry in each row? Clearly the answer to this question depends on the matrix. If all the entries of the
matrix are 1, the task is trivial. On the other hand, if there is only one 1-entry in each row at a random
position, the task is hard.

The unknown binary matrix can be seen as a preference matrix, which represents the preferences of n
users on m items. In particular, a 1-entry at position (i, j) of the matrix indicates that user i likes item
j, whereas a 0-entry indicates that user i does not like item j. The goal is to find a suitable item for each
user. Instead of abstract users and items, we may think of the items as books and the users as bookstore
customers. The customers come to the book store in a successive manner and once a customer enters the
store, the task of the book store keeper is to suggest a book to her. The customer provides the book store
keeper with a (binary) review of the suggested book. Once a customer finds a book that she likes, i.e., the
book got a positive review, the customer is considered satisfied. The goal is to satisfy all customers with as
few queries as possible.

Naturally, satisfying a customer who does not like any book is impossible and therefore, we assume
that the preference vector of any customer u, i.e., the row in the preference matrix that corresponds to the
preferences of u, contains at least one 1-entry. We also assume that the customers come to the bookstore in
a random fashion, and that the bookstore keeper is allowed to pick books for reviewing at random. The goal
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is to minimize the effort required from the customers, that is, the number of queries until all customers have
found a book that they like. The trivial upper and lower bounds for the cost are n ·m and n respectively,
as it takes n ·m queries to learn the whole input matrix, and at least n queries to present a book to each
customer.

Our first observation is that there are instances of our recommendation problem, where any online
algorithm performs badly. An example of such an input is a matrix with one 1-entry on each row at a
random position. In this example, the rows share no mutual information and therefore, the best any online
algorithm can do is to recommend random unrevealed books to the customers until they are satisfied. This
indicates that the cost for any online algorithm is Ω(n ·m) in the worst case. Therefore, instead of looking
only at the worst case input, we analyze our online algorithm in a competitive manner.

In a competitive analysis, an offline algorithm that can see the whole input is compared against an
online algorithm that has no previous knowledge of the input. We observe that an offline algorithm that
sees the input matrix can simply recommend each customer a book she likes, resulting in a cost of n for any
input. On the other hand, if each customer likes only one book chosen independently at random, any online
algorithm will have to recommend Ω(m) books to each customer before finding a book she likes. Therefore,
the competitive ratio of any online algorithm against the optimal offline algorithm is Ω(m).

Since any online algorithm would perform badly in comparison to the optimal offline algorithm that
knows the input completely, we choose a weaker offline algorithm, referred to as quasi-offline algorithm and
compare our algorithm against the weaker algorithm. Since seeing the whole input at once gives the offline
algorithm too much power, we weaken the offline algorithm by not providing it with full information of the
input. We hide the preference matrix and only show the quasi-offline algorithm a probability distribution
D over possible preference vectors and the number of customers n. For every execution of the quasi-offline
algorithm, the preference vectors for the n customers are chosen independently at random from D.

We show that from the perspective of the quasi-offline algorithm, solving our problem is equivalent to
solving Min Sum Set Cover (mssc) problem. The input of mssc is, similarly to the well-known Set Cover
problem, a collection of sets, but the output is an ordered list of the sets. This order induces a cost for each
element, where the cost is the ordinal of the first set that covers the element. The optimal solution to mssc
minimizes the expected cost for a randomly chosen element. To connect our problem to mssc, we identify
each customer with an element and each book with the set of customers that like it.

Consider a matrix where everyone likes book b and there are m−1 books that no one likes. The optimal
quasi-offline algorithm simply proposes book b to everyone, resulting in a cost of n in total. On the other
hand, an online algorithm that does not know which book is the popular one can be forced to do Ω(m)
queries to find a single 1-entry in the matrix. This indicates that the number of books dominates the running
time of any online algorithm while not affecting the cost of the quasi-offline algorithm. To make the cost of
the online algorithm comparable to the quasi-offline algorithm, we assume throughout the paper that the
number of books is not much larger than the number of customers, i.e., m ∈ O(n). We emphasize that
besides this restriction and assuming that the input is feasible, i.e., every customer likes at least one book,
we do not assume anything from the input.

We call the analysis against the quasi-offline algorithm quasi-competitive.

Definition 1 (Quasi-Competitiveness). Let A be an online algorithm. Algorithm A is α-quasi-competitive
if for all inputs I

c(A(I)) ≤ α · c(OPTq(I)) +O(1) .

where OPTq is the optimal quasi-offline algorithm and c(·) is the cost function of A and OPTq, respectively.

The main result of the paper is an O(
√
n log2 n)-quasi-competitive algorithm for our recommendation

problem. We also show that the quasi-competitive ratio of any algorithm that does not know the input
matrix is Ω(

√
n). This indicates that our algorithm is within a polylogarithmic factor from the best possible

online solution. We note that the definition of quasi-competitiveness extends to other problems by choosing
a suitable quasi-offline algorithm for the considered problem.
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2. Related Work

Our problem is a variant of an online recommendation problem. Learning recommendation systems,
where the goal is to learn a good estimation of the whole preference matrix, has been studied by Alon et
al. [2]. They showed that with high probability2, one can learn the matrix with little error in polylogarithmic
time in a distributed setting given that there are similarities between the preferences of different users. The
main connection between their work and ours is the model, i.e., the task is to learn properties of the input
matrix by probing the entries of the matrix and to minimize the number of probes. The main difference is in
the objective and in the complexity measure. They are learning the matrix to distinguish between different
users and to thereby provide good individual recommendations, whereas we are not interested in all the
items a user likes and only aim to find some intersecting preferences to find a single item of interest for
everyone. Furthermore, we benchmark our algorithm against mssc, which overcomes the trivial worst-case
lower bound of Ω(n2) in the case where there are no mutual information between the rows.

Our recommendation problem is essentially a special case of learning a binary relation. Goldman et
al. studied a more general version of the problem, where the task of the learner is to predict given entries in
the matrix. They showed that with an arbitrary input, the learner can be forced to make Ω(n2) mistakes [12].
They studied the learning task with four different kinds of online inputs: a helpful teacher, random, an
adversary, and a case where the learner can choose which entry to look at. Furthermore, Kaplan et al. [16]
gave more general bounds for similar learning tasks by converting the input of mssc into a set of DNF
clauses, where an element belonging to a set corresponds to a term being true in the clause that corresponds
to the set.

Awerbuch, Patt-Shamir, Peleg, and Tuttle gave a centralized algorithm that outputs a set of recommen-
dations that satisfy all customers with high probability [4]. The idea is to select a committee and learn the
preference vectors of the committee members completely. The favorite product of each committee member
is then suggested to all remaining customers. They note that in the presence of malicious customers, the
committee based approach has disadvantages. Thus, they also present a distributed algorithm for the rec-
ommendation problem that does not use a committee, and show that it is resilient to Byzantine behavior.
The connection to our work is the model they use with the basic idea of suggesting the most preferred
product to the rest of the users. The main contrast to their work is in the complexity measures. They use
the similarities of preferences as a basis of the complexity of their algorithms, whereas we compare the cost
of our algorithm to the cost of an (quasi-)offline algorithm. We also show that the worst case performance
of our online algorithm is good against any online solution.

In addition, Awerbuch et al. studied reputation systems, which are closely related to recommendation
systems [3]. They studied a model where items are either liked by everyone or by no one. The goal is to
find for all users an item they like by querying random objects or by asking other users for their preferences.
They measure the cost of their algorithm by the number of entries revealed during the execution. They
also considered Byzantine users and restricted access to items. The main difference is in the worst case
input. They assume that there is always a possibility of cooperation between users, whereas we analyze our
solution for an arbitrary feasible input.

To the best of our knowledge, our work is the first to perform a competitive analysis on recommendation
algorithms, where the power of the offline algorithm is reduced. In general, the offline algorithms being too
powerful is not a new problem. However, the usual approach is to provide the online algorithm additional
power. For example, online algorithms with lookahead into the future have been studied for the list update [1]
and bin packing [14] problems. In our case however, the cost of an offline solution is always n regardless of
the input and therefore, a competitive analysis does not make sense even if the online algorithm was granted
more power. The term competitive in our context was introduced earlier by Drineas et al. [9]. In contrast
to us, they measure their competitiveness against the number of rows that the algorithm has to learn to be
able to predict the rest.

2We say that an event occurs with high probability, if the event occurs with probability at least 1 − n−c, where c is an
arbitrarily large constant.
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Previous work on mssc has concentrated on the case where the sets to which a given element belongs
to are shown. In the offline case, Bar-Noy, Bellare, Halldórsson, Shachnai, and Tamir showed that a greedy
algorithm achieves a 4-approximation to the optimal algorithm [7]. Feige, Lovász, and Tetali gave a simpler
proof for this result and showed that it is NP-hard to get a (4 − ε)-approximation for any ε > 0 [10]. On
the online field, Munagala et al. gave an algorithm that provides an O(log n)-approximation for the optimal
algorithm even if the contents of the sets are unknown [18]. The paper by Munagala et al. in addition to
the work by Babu et al. [6] brought the problem closer to practical applications by modeling it as pipelined
stream filters. In both papers, they study the problem of assigning different filters to data streams, where
the overall processing costs depend on how the filters are ordered.

Since mssc provides an ordering of items according to their value, it has applications to ranking problems.
Azar and Gamzu provided an O(ln(1/ε))-approximation algorithm for ranking problems where the cost
functions have submodular valuations [5]. Their algorithm iteratively selects sets greedily, i.e., the set
with the maximal contribution is selected. The properties of problems with submodular cost functions
were further studied in an adaptive environment by Golovin and Krause [13]. There also exists a lot of
machine learning studies about adaptive and active versions of other classic optimization problems such as
Set Cover [11, 17], Knapsack [8], and Traveling Salesman [15].

3. Model

We begin defining our model by giving a formal description of our recommendation problem. The input
for our recommendation problem consists of a set of customers {u1, . . . , un} = U , a set of books B, and a
hidden probability distribution D, where initially |U | = n and |B| = m ∈ O(n). The customers are labeled
by their indices, i.e., a recommendation algorithm can distinguish users from each other. A preference
vector of a user is a binary vector of length m with at least one 1-entry. Each customer is assigned a hidden
preference vector chosen independently at random from D, where D is a probability distribution over all
possible preference vectors. For simplicity, we assume that the probabilities of D are rational.

A recommendation algorithm works in rounds. At the beginning of each round, the algorithm is given
a customer u uniformly at random from the set U . Then the algorithm has to recommend a book b ∈ B to
u, which is equivalent to checking whether u likes b or not. The execution of a round of a recommendation
algorithm is divided into three steps:

1. Receive a customer u ∈ U chosen uniformly at random.
2. Recommend a book b to the customer u.
3. If u likes b, choose whether or not to remove u from U .

When the algorithm receives a positive review from a customer u it has the opportunity to label u as satisfied,
after which u is removed from U . From here on, the set U is referred to as the set of unsatisfied customers.
The goal of a recommendation algorithm is to satisfy all customers, i.e., the execution terminates when the
set of unsatisfied customers U becomes empty. The cost of A is the number of queries (rounds) A has to
perform in expectation until all customers are satisfied. The algorithm is allowed to make computations
during all the steps, and all computations are considered free.

The probability distribution D is chosen by an adversary and the choice of the adversary is allowed to
depend on the online algorithm. The choice ofD directly induces a cost to the optimal quasi-offline algorithm.
We emphasize that prior to the execution, an online recommendation algorithm A has no knowledge of
neither D nor the random assignment of the preference vectors and A can only gain information about these
parameters by querying the customers. We measure the quality of A with respect to its quasi-competitive
ratio, i.e., maximum ratio between the cost of the online recommendation algorithm A and the cost of the
optimal quasi-offline algorithm.

An important concept throughout the paper is the popularity of a book. The popularity of a book is the
number of unsatisfied customers that like it.

Definition 2. Let b be a book. The popularity |b| of book b is the number of unsatisfied customers that like
this book, i.e.,

|b| = |{u ∈ U | u likes b}| .
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v P (X = v)
1 0 1 0 1 1/3
0 0 0 1 1 1/2
0 1 1 1 0 1/6

1 0 1 0 1
1 0 1 0 1
0 0 0 1 1
0 0 0 1 1
0 0 0 1 1
0 1 1 1 0

f

Figure 1: An input I = (D, 6) for the quasi-offline algorithm (on the left) is transformed into an instance of mssc. The
preference vectors that are assigned with non-zero probability are illustrated in the column is denoted by v. The probability
of assigning the corresponding vector to a customer in the column denoted by P (X = v), where X is a random variable that
obeys distribution D.

We note that as the input can be interpreted as a n×m binary matrix, customer u can be identified with
the index of the corresponding row and book b with the index of the corresponding column in the matrix.
From here on u ∈ U indicates both the element and the index, and similarly for b ∈ B.

4. The Quasi-offline Algorithm

As we mentioned before, it is possible to build an example where it will take Ω(n·m) queries in expectation
to satisfy all customers for any online algorithm (diagonal matrix for example). We tackle this issue by
performing a quasi-competitive analysis on our algorithms, i.e., we compare our algorithms to a quasi-offline
algorithm that is provided with the probability distribution D from where the preference vectors of the n
customers were chosen from. We begin this section by showing a connection between the optimal quasi-offline
algorithm and the optimal algorithm for mssc problem that allows us to benchmark our online algorithm
directly against the optimal algorithm for mssc.

We observe that since any preference vector v of customer u in the input is picked at random and
independently from previous picks, gaining information from other customers than u does not help the
quasi-offline algorithm to identify u. Therefore, the quasi-offline algorithm does not gain anything from
using different recommendation strategies on different customers or from recommending more books to u
after finding a book u likes. In other words, the recommendation strategy for any customer u is an ordered
set of books that are successively recommended to u. Therefore, to minimize the total expected cost, it is
enough for the quasi-offline algorithm to find an ordered set of books that minimizes the expected cost for
a single customer.

To identify an input I = (D,n) of the quasi-offline algorithm with an input of mssc, let X be a random
variable that obeys distribution D. The idea is to construct a function f that maps I to an input f(I) for
mssc. Let N be the smallest integer such that P [X = v] · N is an integer for every preference vector v
and N ≥ n. Recall that we assumed the probabilities in D to be rational and thus, N always exists. Now
to construct an instance for mssc, let us again consider the books as sets and the customers as elements.
For every preference vector v, let there be P [X = v] · N customers that have preference vector v. The
construction is illustrated in Figure 1.

We denote the ordered set of books chosen by the quasi-offline algorithm by C(I) = b1, b2, . . . , bk. Let
Si(I) be the set of customers satisfied by the quasi-offline algorithm with book bi, i.e.,

Si(I) = {u ∈ U | u likes bi ∧ u does not like bj for any j < i} .

We refer to the size of Si(I) as the disjoint popularity of bi. The average number of queries E(I) required
to satisfy any customer by the quasi-offline algorithm is given by

E(I) =
1

n

k∑

i=1

i · |Si(I)| .
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We note that E(I) is also the expected cost for the quasi-offline algorithm to satisfy a randomly picked
customer. To simplify notation, we write E = E(I) whenever the exact input is either irrelevant or clear
from the context.

Observation 3. Let I = (D,n) be an input of the quasi-offline algorithm. Then E(I) = c(I)/n = c(f(I))/N ,
where c(·) is the cost function of the optimal quasi-offline algorithm and the optimal mssc algorithm, re-
spectively.

Proof. To prove the claim, let us first consider the solution C(I) = b1, . . . , bk given by the optimal quasi-
offline algorithm. For every bi ∈ C(I), where |Si(I)| is the disjoint popularity of this book, there are exactly
(|Si(I)| · N)/n customers in f(I) who like bi and do not like bj for any j < i. Therefore, the average cost
per customer of the optimal mssc algorithm is given by

c(f(I))

N
=

1

N

k∑

i=1

i
N

n
|Si(I)| = 1

n

k∑

i=1

i · |Si(I)| = E(I) .

It has been shown that a greedy algorithm, that successively selects sets that cover as many uncovered
elements as possible, yields a 4-approximation to the optimal solution for mssc [7]. Therefore, we lose only
an additional constant factor overhead by comparing our solution to the greedy one instead of the optimal.
From here on, we refer to the greedy quasi-offline algorithm for mssc as the quasi-offline algorithm.

We use the rest of the section to present general bounds on the introduced concepts for any fixed input
I, and thus omit the input from the notation, which we will later use in the analysis of our recommendation
algorithm. First we give an upper bound for the number of books of certain disjoint popularity in C.

Lemma 4. Let r ∈ R. The maximum number of books with disjoint popularity of at least nr in C is at most
n(1−r)/2

√
2E.

Proof. Let ` be the number of books with disjoint popularity nr or larger. Now ` ≤ k and therefore,

E ≥ 1

n

∑̀

i=1

nr · i =
1

n
nr
∑̀

i=1

i = nr−1 · `
2 + `

2

and thus ` ≤
√
`2 + ` ≤

√
2E · n1/2−r/2.

Next we give an upper bound for the size of U when given the popularity of the most popular book. The
most popular book b∗ in round i is the book with maximum popularity, i.e., |b∗| ≥ |b| for all b ∈ B. Note
that since the popularities of the books can be reduced during the execution, another book might be the
most popular in round i+ 1.

Lemma 5. Let r ∈ R be such that nr is the popularity of the most popular book. Then the size of U is
smaller than 3

√
E · n1/2+r/2.

Proof. To count the total number of unsatisfied customers, we count the unsatisfied customers that like the
books in C. As the popularity of the most popular book is at most nr, we know that there are at most nr

unsatisfied customers that like any single book in C. By Lemma 4, initially there are at most
√

2En1/2−r/2
books of disjoint popularity nr or greater in C. Therefore, the total number of unsatisfied customers liking
these books is at most

√
2En1/2+r/2.

To bound the number of customers liking the rest of the books, we define a random variable X that
denotes the number of books we have to suggest to a randomly chosen customer. We observe that E[X] = E
and by Markov’s inequality

p = P(X >
√

2En1/2−r/2) ≤ E√
2En1/2−r/2

≤
√
E · nr/2−1/2 .
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Therefore, we have pn ≤
√
E · nr/2+1/2 customers that are not satisfied with the books of popularity nr or

larger. Finally, the total number of unsatisfied customers is at most

|U | ≤
√

2E · n1/2+r/2 +
√
E · n1/2+r/2 < 3

√
E · n1/2+r/2 .

5. Online Algorithms

In this section, we introduce two online algorithms for the recommendation problem. First, we present
an algorithm that achieves an optimal quasi-competitive ratio when restricting ourselves to a case where
every customer likes exactly one book.

5.1. Customers Like Exactly One Book

Let us assume that each customer likes exactly one book. We observe that the probability of a ran-
domly picked customer liking a random book is at least 1/m. Therefore, by suggesting random books to
random customers, we get a positive feedback after O(m) queries in expectation regardless of the number
of unsatisfied customers.

Our algorithm for the easier environment with one book per customer is the following. Initially, we start
with an empty set of good books G. After a positive feedback on book b, we add it to G. Each customer
is recommended all the books in the set G (once) before they are recommended more random books. The
cost of the algorithm with respect to E is summarized in the following theorem.

Theorem 6. There exists a recommendation algorithm that satisfies all customers with O(n
√
nE) queries

in expectation, when each customer likes exactly one book.

Proof. By Lemma 4 the number of books of disjoint popularity of at least one is O(
√
nE). Since each

customer likes exactly one book, the popularity of a book b is equal to the disjoint popularity of b. Therefore,
the maximum number of books that need to be added to G is in O(

√
nE). Furthermore, attempting to satisfy

all the future customers with the books from G takes O(n
√
nE) queries in total. As the expected number of

queries to find a new book by randomly sampling customers and books is O(m), it takes O(m
√
nE) queries

with random books to discover the books that satisfy all customers. Therefore, the cost of the algorithm to
satisfy all customers is

O(n
√
nE) +O(m

√
nE) ∈ O(n

√
nE) .

A matching lower bound can be found by constructing an example, where there are lots of customers
that like books of popularity one. These customers have to be satisfied by searching the preferred book in
a brute force fashion.

Theorem 7. Any online recommendation algorithm needs Ω(n
√
nE) queries in expectation to satisfy all

customers in the worst case.

Proof. Let H = (U,B,D) be an input to the recommendation problem, where U is the set of customers, B
the set of books, D the probability distribution, and assume that there are |U | = n customers and |B| = n
books. In addition, let 1 ≤ F ≤ n. The distribution D over the preference vectors is chosen in the following
manner: There is one distinguished book bp ∈ B and k =

√
nF books bi 6= bp, where 1 ≤ i ≤ k. Book bp is

liked with probability p = (n−
√
nF )/n and book bi is liked with probability 1/n for all i. Any other book is

liked with probability 0. One possible outcome of the preferences of the customers in input H is illustrated
in Figure 2. By Observation 3, when n→∞, we can write average cost to satisfy a single customer by the
quasi-offline algorithm as

E ≤ 1

n


n−

√
nF +

√
nF+1∑

i=2

i


 ∈ O(F ) .
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1 0 0
1 0 0
1 0 0
1 0 0
1 0 0 . . .
1 0 0
1 0 0

...
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

. . .

0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0

︸
︷︷

︸
︸

︷︷
︸

n−
√
nF

√
nF

Figure 2: An input matrix that is difficult for any algorithm that is initially oblivious to the input. The first n −
√
nF rows

have a single 1-entry in the first column. Let r1, . . . , r√nF denote the remaining rows. Then row ri contains a single 1-entry

at position i + 1. For any online algorithm, it will take Ω(n) queries in expectation to find a 1-entry from rows r1, . . . , r√nF
since they have no mutual information with any other rows.

Let U ′ ⊆ U be the set of the customers that do not like the popular book bp. Consider now only the
customers in U ′ and let A be a deterministic online algorithm that solves the recommendation problem.
Let u ∈ U ′ be some customer and let H be the set of all possible outcomes of the random choices of the
preference vectors of customers in U ′. When averaging over H, the average number of queries needed to
satisfy u is at least

1

|B| − 1
·
(

1

2
· (|B| − 1) · |B|

)
=
|B|
2

=
n

2
∈ Ω(n) ,

for any deterministic online recommendation algorithm.
Since the preference vector for u is chosen independently from other customers, the expected number of

queries needed to satisfy u is also independent from queries to other customers. By Yao’s principle [19], any
randomized online recommendation algorithm thus requires Ω(n

√
nE) queries in expectation to satisfy all

customers in U ′.

5.2. Customers with Multiple Preferences

Now we lift the assumption that each customer likes exactly one book. The basic idea behind our
algorithm for the more general version of the problem is similar to the one preference case. However, by
randomly sampling and fixing the first book with a positive feedback, we might end up recommending a bad
book to many customers that do not like it. As an example, consider an instance where everyone likes one
book and there are n/2 unpopular books that are liked by log n customers. In this example, it is likely that
we find many 1-entries from the unpopular books before recommending the most popular book to everyone.

Therefore, we search for books that are almost as popular as the most popular book within the unsatisfied
customers. Specifically, we learn the preferences of the customers until we get at least c log n positive
reviews on a single book for some constant c which determines the error rate of the choice. All the sampling
information is stored in an integer matrix M , where an entry M(u, b) corresponds to the number of positive
feedbacks by customer u on book b. The total number of positive feedbacks on a certain book b corresponds
to the sum of positive feedbacks on column b.

In addition, we might have lots of books with almost equal popularity that are not liked by the same
customers, and doing the sampling for all of them successively might be costly. Therefore, after c log n
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Algorithm 1 Phases(U,B)

M ← a zero matrix of size |U | × |B|.
STATE← sample.
V ← a vector of length n such that V (u) = 1 for all u ∈ U
b∗ ← an arbitrary book b ∈ B.
while there are unsatisfied customers do

Receive a random customer u ∈ U .
if STATE = sample then

Run Sampling(u,M, V, b∗, U,B).
else

Run Greedy(u,M, V, b∗, U,B).
end if

end while

Algorithm 2 Sampling(u,M, V, b∗, U,B)

Choose a random book b ∈ B.
if u likes b, i.e., u(b) = 1 then

M(u, b)←M(u, b) + 1.
end if
if

∑n−1
i=0 M(i, b) ≥ bc lognc then

b∗ ← b.
Set V (u′) = 0 for all u′ ∈ U .
STATE← greedy.

end if

Algorithm 3 Greedy(u,M, V, b∗, U,B)

if V (u′) = 1 for all u′ ∈ U then
Set V (u′) = 0 for all u′ ∈ U .
Set b∗ ← b, where

∑n−1
i=0 M(i, b) is largest, ties broken arbitrarily.

end if
V (u)← 1.
if u likes b∗, i.e., u(b∗) = 1 then

Remove u from U .
for 0 ≤ j < m do

M(u, j)← 0.
end for

end if
if

∑n−1
i=0 M(i, j) < (c logn)/4 for all j then

STATE← sample.
Reset M to a zero matrix.

end if

positive feedbacks on a single book, we use the gained sampling information to select a set of equally
popular books to the set of good books instead of just one. To avoid choosing books with overlap, i.e.,
books that are liked by the same customers, we re-estimate the popularities after each choice. A pseudo-
code representation of the algorithm is given in Algorithm 1. As the sampling and the greedy choices are
done successively, we present their pseudo-code as subroutines of Algorithm 1. The pseudo-code for the
sampling part is given in Algorithm 2 and for the greedy part in Algorithm 3. Note that while sampling,
customers are not removed and thus, the same customer can give several positive feedbacks on the same
book, i.e., even a single customer will eventually give c log n positive feedbacks on some book.

We divide the execution of our algorithm into phases. One phase consists of two changes in the state,
i.e., sampling until c log n positive feedbacks are given and the greedy choices have been made. We begin
the analysis of the algorithm by showing that each greedy choice made by Algorithm 3 during a single phase
is either within a constant factor from the best one or all the reasonable choices are already made. To do
this, we categorize the books by their popularities. A book b belongs to category cati if 2i−1 ≤ |b| < 2i. We
refer to the upper bound on the popularities of the books in cati as the size of the corresponding category.

Lemma 8. Let b ∈ cati be the most popular book in the beginning of phase j. Each book chosen greedily by
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Algorithm 3 during phase j is liked by at least 2i−4 unsatisfied customers with high probability.

Proof. Let Xb be a random variable that denotes the number of positive feedbacks given on book b during
phase j. First, we want to show that the expected value E[Xb] is close to the amount of sampling required,
i.e., c log n, on one book before the greedy part of phase j begins. Let us assume for contradiction that
µ = E[Xb] > (3/2)c log n. The Chernoff bound states that with high probability, the actual value of Xb is
within a constant multiplicative factor from its expected value after enough sampling. More precisely the
bound states that

P (Xb ≤ c log n) ≤ P (Xb < (1− 1/3)µ) <

(
e−1/3

(2/3)2/3

)µ

<
(
e−1/3

)c logn
∈ O

(
n−c/3

)
.

This indicates that Xb > c log n with high probability, which is a contradiction since the sampling stops
when any book has more than c log n positive feedbacks. Thus, E[Xb] ≤ (3/2)c log n with high probability.

The next step is to show that the number of positive feedbacks on any book b′ ∈ cati−4 is smaller than
(c log n)/4 with high probability. As the popularity of b′ is less than |b|/8 by the definition of the categories,
we have

µ′ = E[Xb′ ] <
E[Xb]

8
≤ 3c log n

16
.

Again using the Chernoff bound, we get that

P (Xb′ > (c log n)/4) < P (Xb′ > (1 + 1/3)µ′) ∈ O
(
n−3c/32

)
.

The next step of the analysis is to show that the size of U has decreased by a significant amount after
each phase. We do this by showing that after each phase, the most popular book belongs to a smaller
category than before running the phase.

Lemma 9. Let i be the largest integer such that cati is non-empty. After running one phase of Algorithm 2,
there are no books left in cati with high probability.

Proof. Let b be the most popular book. Similarly to Lemma 8 we can use the Chernoff bound to show that
with enough sampling, c log n is at most within factor 3/2 from E[Xb], i.e., (3/2)E[Xb] ≥ c log n. By the
definition of categories we get that E[Xb′ ] > E[Xb]/2. Therefore, the Chernoff bound can also be used to
show that with high probability, the number of positive feedbacks X ′b on any book b′ ∈ cati is more than
E[Xb′ ] · (3/4).

Therefore, with high probability

X ′b >
3E[X ′b]

4
>

3E[Xb]

8
≥ c log n

4
.

Since books are chosen greedily until there are no more books with at least (c log n)/4 positive feedbacks,
all books from cati will eventually be chosen or their popularity will reduce to a lower category during the
execution of one phase with high probability.

5.3. The Cost

It follows from Lemma 9 that after O(log n) phases, the popularity of the most popular book reduces to
zero, i.e., all customers are satisfied. Since we now have derived the number of phases needed to satisfy all
customers, it remains to analyze the cost of a single phase. We begin by tackling the sampling part where
the dominating factors for the cost are the number of unsatisfied customers and the popularity of the most
popular book.
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Lemma 10. During each phase, Algorithm 2 is called O(n
√
En log n) times in expectation and with high

probability to get c log n positive feedbacks on some book by Algorithm 2.

Proof. Consider phase i and let b be the most popular book in the beginning of this phase. The probability
of receiving a random customer that likes book b is

|b|
|U | ≥

|b|
3
√
En|b|

=

√
|b|

3
√
En
≥ 1

3
√
En

by Lemma 5. Furthermore, the probability of choosing any specific book randomly is 1/m. Therefore, the
expected amount of times book b is recommended to customers that like it after 3m

√
En · c log n queries is

at least

m3
√
En · c log n · 1

m3
√
En

= c log n .

Let Xk be the random variable that counts the number of times b is recommended to customers that like b
after k queries during phase i. By applying a Chernoff bound, we get that

P (Xk < c log n) < O
(
n−c

)
,

for any k > 2 · (3m
√
En · c log n). Since 2 · (m3

√
En · c log n) ∈ O(n

√
En log n), the claim follows.

The last item needed for the analysis is an upper bound for the cost of the greedy part of the algorithm.

Lemma 11. Running one phase of Algorithm 1 costs O(n
√
En log n) in expectation and with high probability.

Proof. By Lemma 10 the cost of the sampling part of any phase is O(n
√
En log n) in expectation and with

high probability after which the greedy state is assumed.
By Lemma 8 all the greedily chosen books are liked by at least 2i−4 customers with high probability,

where i is the index of the largest category with non-empty set of books. By Lemma 5 there are at most
O(
√
En2i) unsatisfied customers left in the beginning of the phase. Therefore, after making O(

√
En) greedy

choices either all customers have been satisfied or the algorithm has restarted the sampling part of the
algorithm. Furthermore, it takes O(n log n) rounds in expectation and with high probability for the greedy
part to recommend some book to every customer, therefore the number of calls to the greedy subroutine is

O(n log n) · O(
√
En) ∈ O(n

√
En log n)

in expectation and with high probability.

Theorem 12. Algorithm 1 is O(
√
n log2 n)-quasi competitive.

Proof. In the beginning of the execution, the popularity of the most popular book is at most n = 2logn,
i.e., the largest index of a non-empty category is at most log n. By observing that the popularity of a book
never increases and by applying Lemma 9, we get that the largest index of a non-empty category decreases
by at least one in every phase with high probability. Therefore, after O(log n) phases the largest index of a
non-empty category is 0 with high probability and thus, there can not be any more unsatisfied customers.

As the cost of each phase is O(n
√
En log n) by Lemma 11, in expectation the whole cost is

O(log n) · O(n
√
nE log n) ∈ O(n

√
nE log2 n) .

Since the cost of the quasi-offline algorithm is nE , the quasi competitive ratio of Algorithm 1 is

O(n
√
nE log2 n)

nE ∈ O
(√

n log2 n√
E

)
.

Specifically, when E is a constant, Algorithm 1 is O(
√
n log2 n)-quasi competitive.
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6. Conclusion

The main result of this paper is a centralized online algorithm for a recommendation problem with a
binary matrix as an input. As a general input results in the trivial lower bound of Ω(n2) for any algorithm,
we approached the problem from a competitive perspective. However, an offline algorithm that has access
to the whole input matrix always has a cost of exactly n regardless of the input. Therefore, we introduced
the concept of quasi-competitiveness, where the online algorithm is compared to an optimal quasi-offline
algorithm that has a restricted access to the input matrix. In particular the quasi-offline algorithm is given
the number of customers n and a probability distribution from which the preference vectors of the customers
are chosen.

We observed that given the restriction, the best that the quasi-offline algorithm can do is to compute a
list of books that minimizes the expected number of books the algorithm has to recommend to an unknown
customer. Computing the static list is equivalent to solving the mssc problem. It is well known that a
greedy algorithm for mssc is a 4-approximation and therefore, we compared our solution to the greedy
algorithm instead of the optimal.

We introduced an algorithm that achieves a cost of O(n
√
nE log2 n), where E is the expected cost for the

greedy mssc algorithm to cover a single element. Since the total cost of the greedy mssc algorithm is nE ,
the quasi competitive ratio of our algorithm is

O
(√

n log2 n√
E

)
.

Therefore, the worst case is obtained when E is a constant and it follows that our algorithm is O(
√
n log2 n)-

quasi competitive.
We also showed that any online algorithm has a cost of Ω(n

√
nE). Therefore, our quasi-competitive ratio

is within O(log2 n) multiplicative factor from the best possible.
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