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A More General Property

Consider candidates c and c'.
And voters sorted by angle.

V1 V2 V3 V4 V5 V6 V7 V8

c>c 01 1 1 0 0 00

c¢>c 10 0 0 1 1 11

Voters preferring c to c'
form a "circular" interval!

< At most 2 switches per row.
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Recognition
Deciding whether an election is k-crossing.

Single-crossing: poly-time

[Elkind et al., 2012; Bredereck et al., 2013].
Two-crossing: poly-time

Reduction to consecutive ones (this paper).
k-crossing: open

We conjecture NP-complete for k = 4.
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Single-crossing: tournament is transitive.

Two-crossing: also any (weighted) tournament
can be obtained!

General elections: any (weighted) tournament

can be obtained. EESCII
2 3

[McGarvey, 1953; Debord, 1987] \ \2-1:1

<




Proof



Proof

Construct the “Double-BubbleSort” profile.



Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.



Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

1

=

‘qkoowr—x‘



Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

V1 V2
R 2
2 -
3 3
4 4




Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

v1 V2 U3
R 2 2
2 WS
3 3 "l
4 4 4




Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

V1 V2 V3 U4

R 2 2 2
2 RSO
3 3 1, 4
47474 1




Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

V1 V2 V3 Vg4 Us

2 2 45

=~ 0 N =
_ = W DN

1 iy 2
3 4 4
4 I 1




Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

V1 V2 V3 Vg4 Vs Vg

2 2 3 3

=~ 0 N =
_ = W DN

1 3 2 4
3 Ay 2
4 I 1 1




Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

V1 V2 U3z Vg Us Vg| Ut
R 2 2 2 4304
2 Ay 24w
S MRy 2 (| 2
4 4 4 1 1 1|1




Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

V1 V2 V3 Vg Vs UVg| V7| US

2 2 2 4

= W N =
= N W =
N = W B

3
3 |l
4 4

— o W
s N
N B




Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

V1 Vo V3 V4 Vs Vg| U7 | Vs Vg
D 2 2 2 3000 N
2 WAy 2 A<
N3 VA AEY 2 2 4Vv3
4 4 4 1 1 1|12 2




Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

V1 V2 VU3 Ug Us VUg| Ur| Ug Vg 710
R 2 2 2 43000 4l
2 WRASENTY 2 AW ISR AY |d
IS VA AEEY 2 | 2 433
Iy RNy 2 2 2




Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

Ui U2 V3 Vg VUs UVg| Ur| Ug Vg Uip Vi1
R 2 2 2 43000 4l 1
2 WRASENTY 2 AW ISR AY |d 4
IS VA AEEY 2 | 2 433 2
Iy RNy 2 2 2 3




Proof

Construct the “Double-BubbleSort” profile.
e.g. M =4 candidates.

vp U2 V3 Vg Us UVe| Ur| Ug U9 UVip Vi1 V12
R 2 2 2 43000 4l 1 1
2 WRASENTY 2 AW ISR AY |d 4 2
IS VA AEEY 2 | 2 433 2 4
Iy RNy 2 2 2 3 >




Proof

Construct the “Double-BubbleSort” profile.

e.g. M =4 candidates.

v1 U2 V3 U4 Us UVg| U7 | Ug Vg Uio Vi1 Vi2 Vi3
R 2 2 2 43000 4l 1 1 1
2 WRASENTY 2 AW ISR AY |d 4 2 2
IS VA AEEY 2 | 2 433 2 4 3
Iy RNy 2 2 2 3 > 4




Proof

Construct the “Double-BubbleSort” profile.

e.g. M =4 candidates.

V1 V2 U3 Uy U5 VUg| Uy| Ug Vg V1o Vi1 Vi2 V13
R 2 2 2 43000 4l 1 1 1
2 WRASENTY 2 AW ISR AY |d 4 2 2
IS VA AEEY 2 | 2 433 2 4 3
Iy RNy 2 2 2 3 > 4

This profile is two-crossing!




Proof

Construct the “Double-BubbleSort” profile.

e.g. M =4 candidates.

V1 V2 U3 Uy U5 VUg| Uy| Ug Vg V1o Vi1 Vi2 V13
R 2 2 2 43000 4l 1 1 1
2 WRASENTY 2 AW ISR AY |d 4 2 2
IS VA AEEY 2 | 2 433 2 4 3
Iy RNy 2 2 2 3 > 4
3

This profile is two-crossing!




Proof

Construct the “Double-BubbleSort” profile.

e.g. M =4 candidates.

V1 V2 U3 Uy U5 VUg| Uy| Ug Vg V1o Vi1 Vi2 V13

R 2 2 2 43000 4l 1 1 1

2 WRASENTY 2 AW ISR AY |d 4 2 2

IS VA AEEY 2 | 2 433 2 4 3

Iy RNy 2 2 2 3 > 4
1 ——3

This profile is two-crossing!




Proof

Construct the “Double-BubbleSort” profile.

e.g. M =4 candidates.

V1 V2 U3 Uy U5 VUg| Uy| Ug Vg V1o Vi1 Vi2 V13
R 2 2 2 43000 4l 1 1 1
2 WRASENTY 2 AW ISR AY |d 4 2 2
IS VA AEEY 2 | 2 433 2 4 3
Iy RNy 2 2 2 3 > 4
3

This profile is two-crossing!

17




Proof

Construct the “Double-BubbleSort” profile.

e.g. M =4 candidates.

v1 U2 V3 U4 Us UVg| U7 | Ug Vg Uio Vi1 Vi2 Vi3
B 2 2 2 43000 4NN 4l 1 1 1
2 WRSEENTY 2 A SRV Ul 2 2
SIS Y 2 | 2 MW 303 2 4 3
L SRy 2 2 2 3 > 4
v 1
— 3

This profile is two-crossing!

17




Proof

Construct the “Double-BubbleSort” profile.

e.g. M =4 candidates.

V1 V2 U3 Uy U5 VUg| Uy| Ug Vg V1o Vi1 Vi2 V13
R 2 2 2 43000 4l 1 1 1
2 WRASENTY 2 AW ISR AY |d 4 2 2
IS VA AEEY 2 | 2 433 2 4 3
Iy RNy 2 2 2 3 > 4
Vv V' 1
— 3

17

This profile is two-crossing!




Proof

Construct the “Double-BubbleSort” profile.

e.g. M =4 candidates.

V1 V2 U3 Uy U5 VUg| Uy| Ug Vg V1o Vi1 Vi2 V13
R 2 2 2 43000 4l 1 1 1
2 WRASENTY 2 AW ISR AY |d 4 2 2
IS VA AEEY 2 | 2 433 2 4 3
Iy RNy 2 2 2 3 > 4
Vv V' 1
— 3

17

This profile is two-crossing!




Proof

Construct the “Double-BubbleSort” profile.

e.g. M =4 candidates.

V1 V2 U3 Uy U5 VUg| Uy| Ug Vg V1o Vi1 Vi2 V13
R 2 2 2 43000 4l 1 1 1
2 WRASENTY 2 AW ISR AY |d 4 2 2
IS VA AEEY 2 | 2 433 2 4 3
Iy RNy 2 2 2 3 > 4
Vv V' 3
— 3

17

This profile is two-crossing!




Consequences: NP-hardness



Consequences: NP-hardness

Thus, NP-hardness results carry over to two-crossing:



Consequences: NP-hardness

Thus, NP-hardness results carry over to two-crossing:

Kemeny and Slater are NP-hard.



Consequences: NP-hardness

Thus, NP-hardness results carry over to two-crossing:
Kemeny and Slater are NP-hard.

Banks, Minimal Extending Set, Tournament
Equilibrium Set and Ranked Pairs also NP-hard.
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Young's Rule

The Young score of candidate c is the least number
of voters that need to be removed to make c a
Condorcet winner. Winners are candidates with the
least score.

NP-hard in general:

[Rothe et al., 2003; Brandt et al., 2015;
Fitzsimmons and Hemaspaandra, 2020].

Two-crossing: scores in poly-time (this paper).
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Young's Rule

The natural LP does not have integer vertices.

By fixing the number of voters to keep we arrive at
an LP with integer vertices, so we can solve the LP.

By reducing to negative weight cycle detection we further
improve the running time to O((n + m?)n%?2 log n).
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Representation

In an election we need to select a committee of
K candidates to best represent the electorate.

e.g. K=2
_______ \ .
A ! 1> > Pink >
(T~ ) .
vV, . 1> > > Pink >
Vv > > >:P:i_nk.>

______

Q: How to compare K-committees?
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The Chamberlin-Courant Rule

Voters specify their dissatisfaction with each candidate.

Pick the K-committee that minimizes the total/maximum
dissatisfaction.

.' 1 b 8
v, : >1Yellow > > Pink >
0 ) 4
v, :iYellow > > > Pink >
(2 3
2 > > >\ Pink ;>

Total = 3 (Utilitarian-CC) - in this talk.
Maximum = 2 (Egalitarian-CC) [Betzler et al.; 2013]
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Hardness of CC

Utilitarian-CC is NP-hard.
[Procaccia et al., 2008], [Lu and Boutilier, 2011]

Egalitarian-CC is NP-hard.
[Betzler et al., 2013]

Egalitarian-CC is NP-hard for three-crossing.
[Misra et al., 2017]

Both polynomial for single-crossing.
[Skowron et al., 2015], [Constantinescu and Elkind, 2021]

Both polynomial for two-crossing (this paper).
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Sayvotersv ,...,v, areinatwo-crossing order.

Letr:{v,...,v }>{c,...,c,} bethe function mapping
voters to representatives in an optimal CC committee.

\ V1 V2 V3 V4 V5 V6 V7 V8

(v) B R R R P|P|G
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Decomposition For Two-Crossing

V1 V2 V3 V4 V5 V6 V7 V8 V9 V10

R splits

G R B O |B R P [P R

V1 V3 V4 V5 V7 V8 V10
G B 0 B P P
B splits

There exists a decomposable
0 optimal committee!
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Future Directions
Try two-crossing on PrefLib.
Hardness of recognizing k-crossigness.
Hardness of Dodgson's rule for two-crossing.
Hardness of Young's rule for three-crossing.

Three-crossing and above in general?



Hope you en]oyed'




